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RECENT RESULTS OF TURBULENCE BES'EARCH' 

B y  t. P r a n d t ' l  ' 

I N T R O D U C T I O N  ' 

The i r r e g u l a r  m o t i o n s ,  c a l l e d  t u r b u l e n c e ,  p l a y  a 
p rominen t  p a r t -  i n  a l l  t e c h n i c a l l y  i m p o r t a n t  flow phenom- 
ena .  T u r b u l e n c e ,  on t h e  one hand ,  i s  t h e  c a n s 8  o f  unde- 
s i r a b l e  f l o w  - r e s i s t a n c e ,  w h i l e ,  oh t h e  o t h e r  hand ,  i t  h a s  
t h e  v e r y  u s e f u 1 : c h a r a c t e r i s t i c  of i n c r e a s i n g  t h e  p r e s s u r e  
i n  t h e  c u r r e n t s .  The c o n t r o l  o f  t hese -phenomona  is v e r y  
i m p o r t a n t  f o r  t h e  f l o w ,  s p e c i a l i s t .  Numerous r e s e a r c h e s  
have t h e r e f o r e  been r e c e n t l y  u n d e r t a k e n  f o r  th'e purpose 
o f  d i s c o v e r i n g  t h e  laws o f  t u r b u l e n t  f l o w ;  I n  'the p r e s e n t  
a r t i c l e  a n  a t t e m p t  i s  made t o " r e v i e r  t h e  m o s t  imp'or tant  r e -  
s u l t s  o f  t h e s e  r e s o a r c h e b .  R e l a t i o n s  o f  immedia te  p r a c t i -  
c a l  i n t e r e s t  a r e  d i s c u s s e d .  

The f i r s t  t w o  s e c t i o n s  t r e a t  o f  t w o  p rominen t  ques-  
t i o n s ,  namely t h e  o r i g i n  of t u r b i i l e n c o  and t h e  c h a r a c t e r -  
i s t i c s  o f  t u r b u l e n t  c u r r e n t s .  I n  t h e  t h i r d  s e c t i o n  con- 
c l u s i o n s  a r e  drawn f o r  t h e  f l o w  a l o n g  a rougk w'all ,  where- 
by an i m p o r t a n t  relation f6r t h b  v e l o c i t y  d i s t r i b u t i o n  is 
r e v e a l e d .  The p r i n c i p l e s  a r e  a X s o  a p p l i e d  t o  s t r a i g h t  
rough  a n d  s m o o t h  t u b e s .  Here i t  was p o s s i b l e  t o  d e v e l o p  
f o r m u l a s  for f l o w  v e l o c i t y  and  r e e i a t a ' n c e ,  which  show ex- 
c e l l e n t  agreement  w i t h  t h e  e x p e r i m e n t e ,  and  which a l s o  in 
c o n t s a s t  w i t h  p r e v i o u s  p u r e l y  e m p i r i c a l  f o r m u l a s ,  h o l d  
good f o r  v e r y  l a r g e  Beynolds  Numbers f o r  which no e x p e r i -  
mentd l  d a t a  a r e  a v a i l a b l e &  The p e c u l i a r i t i e s '  i n  t u b e s  
w i t h  f i n e - g r a i n e d  roughness  a t  modera t e  Reyno lds  Wumbors 
a r e  r e p r e s e n t e d  by a s i n g l e  c u r v e r  T e a t  r e s u l t s  wi th  a r t i -  
f i c i a l l y  roughened t u b e s  a r e  given and c o n f i r m  t h e  r e l a t i o n -  
s h i p  men t ioned .  
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The r e s u l t s  o b t a i n e d  w i t h  t u b e s  a r e  a p p l i e d  t o  t h e  
r e s i s t a n c e  of  p l a t e s  t o  a l o n g i t u d i n a l  f l o w .  Moreover,  
t h e  c h a r a c t e r i s t i c s  of t h e  f l o w  i n  wide and narrow and  
c u r v e d  c h a n n e l s ,  a s  l i k e w i s e  t h e '  m i x t u r e  phenomena o f  
f l u i d  c u r r e n t s  w i t h  s u r r o u n d i n g  f l u i d . 8  and  a l a o  t h e  phe- 
nomena b e h i n d  moving b o d i e s  a r e  c o n s i d e r e d .  L a s t l y ,  newly 
d i s c o v e r e d  r e l a t i o n s  l j e t aeon  t h e  t u r b n l e n t  exchange of  ve- 
l o c i t y  and h e a t  a r e  c o n s i d e r e d ,  and  new c o n c l a s i o c s  a r e  
drawn r e g a r d i n g  t h e  f i n e r  d e t a i l s  o f  t u r b u l e n t  f low.  

D r r i n F -  t h e  l a s t  decade  t h e  i n v e s t i g a t i o n  of  t h e  ir-  
r e g u l a r  u i x i n g  m o t i o n s ,  which a r e  c a l l e d  t u r b u l e n c e  and 
which a f f e c t  a l l  t e c h n i c s l l y  impor ta I i t  f l o w s ,  have  been 
e s p e c i a l l y  tho rough  and  f r u i t f u l .  These mix ing  mo't i o n s  
p r o d u c e  e f f e c t s ,  as i f  t n e  v i s c o s i t y  of t h e  f l u i d  were ir,- 
c r e e s b d  A hundred  o r  t e n  t h o u s a n d  f o l d  o r  e v e n .  m o r e .  T h i s  
c i r c u m s % a n c e  c a u s e s  t h e  g r e a t  r e s i s t a n c e  of f l u i d s  i n  
p i p e s ,  t h e  f r i c t i o n a l  r e s i s t a n c e  o f  s h i p s  and  a i r s h 2 p s  and 
o t h e r  u n d e s i r a b l e  r e s i s t a n c e s ,  b u t  also t h e  p o s s i b i l i t y  o f  
i n c r e a s e d  p r e s s u r e  i n  d i f f u s e r s  o r  a l o n e  a i r p l a n e  wings 
a n d  b lower  vanes .  Wi thout  t u r b u l e n c e ,  s e p a r a t i o n  would oc -  
c u r  i n  t h e s e  c a s e s ,  s o  t h a t  t h e r e  would  be  o n l y  a small  r e -  
c o v e r y  o f  ene rgy  i n  t h e  d i f f u s e r  and  impa i red  e f f i c i e n c y  
of wings o r  vanes .  

The i n v e s t i g a t i o n  c o n s i s t e d  o f  a d e t e r m i n a t i o n  o f  the 
nli 'merical  da t a  and  t h e i r  s y s t e m a t i c  a r r a n g e m e n t .  Gene ra l -  
l y  t h e  f n v e s t i g a t i o n  was no t  c a r r i e d  t o  an a c t u a l  t h e o r y  
(which  i s  v e r y  d i f f i c u l t ) ,  but t h e  r e s u l t s  h e l F  t o  s u p p o r t  
t h e o r e t i c a l  c o n c l u s i o n s .  O f t e n  d i m e n s i o n s a l  . c o n s i d e r a t i o n s  
t o g e t h e r  cnith i n t u i t i v c  i n s i g h t  lcad t o  i m p o r t a n t  conc lu -  
s i o n s #  I f ,  e .g .  d c n s i t y  (i.0. i n e r t i a )  and v i s c o s i t y  a r e  
t h e  o n l y  d e t e r m i n a t i v e  p r o p e r t i e s  of t h e  f l u i d  f o r  t h e  phe- 
nomenon, one  i s  l e d  t q  a Reynods Number = d e n s i t y / v i s c o s i t y  
X v e l o c i t y  X l e n g t h  ( R e  = vL/y,  i n  which U i s  t h e  " k i n e -  
m a t i c  v i s c o s i t y " ,  i . e .  v i s c o s i t y / d e n s i t y ) .  I f  Reynolds  
Number h a s  t h e  same n u m e r i c a l  v a l u e  i n  t w o  c a s e s ,  we may 
e x p e c t  e x a c t l y  t h e  same c o u r s e  i n  b o t h  cFIses, o n l y  w i t h  a 
d i f f e r e n t  l e n g t h  a n d  t ime  s c c l e  a c c o r d i n g  t o  c i r c u m s t a n c e s .  
I n  i n d i v i d u a l - c a s e s  t h e  a p p l i c a t i o n  o f  t h i s  r u l e  may, how- 
e v e r ,  r e q u i r e  c o n s i d e r a t i o n  A S  t o  which v e l o c i t y  R n d  
which l e n g t h  i s  a c t u a l l y  d e t e r m i n a t i v e  f o r  t h c  p r o c e s s .  

The re  a r e  t y b  main q u e s t i o n s  n l i ich  mere i n v e g t i g a t e d  
t h e o r e t i c a l l y  and e x p e r i m e n t a l l y :  

1. H o w  and u r d e r  what immedia te  c o n d i t i o n s  d o e s  t u r -  
b u l  e n c e  o r  i g  i n a t  e ?  

I 
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' f o r c e s ?  

2 .  Whet c a p : i e  e a i d  r e g a r d i n g  t u r b u l e n t  mo t ion ,  p a r -  
t i c u l a r l y  r e g a r d i n g  t h e  inean v a l u e s  o f  t h e  v e l o c i t i e s  and 

The second  i q u e e t i o n  i s  o b r i o - i s l y  t h e  more i m p o r t a n t  
ane  f rom t h e  t e c h n i c a l  v i e w p o i n t .  

. ORIGIN OF TURBrfLENCE 

Regard ing  t h e  f i r s t  q u e s t i o n  I can  be q u i t e  b r i e f ,  
b o t h  b e c a u s e  I have  r e c e n t l y  e x p r e s s e d  myse l f  on t h i s  sub- 
j e c t  ( r e f e r e n c e  5 )  and because  t h e r e  i s  h e r e  much t h a t  i s  
s t i l l  i n  doubt'. The m o s t  i m p o r t a n t  f ac t  is t h a t  t u r b u l e n c e  
a l w a y s  o c c u r s  when t h e  v e l o c i t y  p r o f i l e  shows a t u r n i n g  
p o i n t  ( f i g .  1) and when t h e  v i a c o s i t y  e f f e c t s  a r e  n o t  t o o  
g r e A t .  Any f l o w  w i t h  s u c h  a v e l o c i t y  p r o f i l e  i a  u n s t a b l e  
i n  t h e  a b s e n c e  of  f l u i d  f r i c t i o n p  i . , e .  e m a l l  d e v i a t i o n s  
i n  magn i tude  and  d i r e c t i o n  i n c r e a s e  o f  t h e m s e l v e s  and  c a u s e  
a c o m p l e t e  r e v e r s a l  o f  t h e  f l o w , .  An o r i g i n a l l y  s l i g h t  wave 
i n  t h e  s t r e a m l i n e s  l e a d s  g r a d u a l l y  t o  t h e  p r o d u c t i o n  of 
t u r b u l e n c e  t h r o u g h  the t o p p l i n g  o v e r  o f  t h e  waves,  These  
phenomena c a n  be d e l a y e d  b y ' s t r o n g  v i s c o s i t y  e f f e c t s .  

T h i s  i n d i c a t e s  t h a t  the  t e n d e n c y  t o  become t u b u l e n t  
depends on t h e  magni tude  'of t h e  Reynolds  Number. V e l o c i t y  
p r o f i l e s  w i t h  t u r n i n g  p o i n t  o c c u r ,  e .g ,  i n  t h e  boundary  
l a y e y s  produced  by v i s c o s i t y  e f f e c t s ,  when t h e  p r e s s u r e  i n -  
c r e a s e s  i h  t h e  d i r e c t i o n  of f l o w  o r ,  i n  o t h e r  w o r d s ,  when 
t h e  flow i s  r e t a r d e d .  Such p o i n t s  i n  t h e  f l u i d  t h e r e f o r e .  
have  a' s t r o n g  t e n d e n c y  t o  become t u r b u l e n t ,  but even  t h e  
u n a c c e l e r a t e d  r e c t i l i n e a r  f l o w  a l o n g  a wall t e n d s  t o  become 
t u r b u l e n t  a t  a s u f f i c i e n t l y  l a r g e  Reynolds  Number. Th i s  
c a n  be  e x p l a i n e d  by t h e  f a c t . t h a t  t h e  i n f l o w  i s  n e v e r  abso-  
l u t e l y  u n d i s t u r b e d  and  t h a t  t h e r e  a r e  a l w a y s  some i r r e g u -  
l a r i t i e s  i n  t h e  v o l o c i t y  d i s t r i b u t i o n .  U n s t a b l e  v e l o c i t y  
d i s t r i b u t i o n  is l a r g e l y  due t o  o n l y  s l i g h t l y  damped t u r n -  
i n g  m o t i o n s  with a x e s  p a r a l l e l  t o  t h e  d i r e c t i o n  o f  f l o w .  
Such t i i r n i n g  mot ions  d i r e c t  some p o r t i o n s  of t h e  f l u i d  a- 
g a i n s t  t h e  w a l l  and  o t h e r  p o r t i o n s  away from i t ,  so  t h a t ,  
even a t  low v e l o c i t y ,  w i t h  t h e  l a p s e  o f  t i m e ,  p o n t i o n s  bav- 
i n g  l o w e r  v e l o c i t y  become i n t e r s p e r s e d  w i t h  p o r t i o n s  hav- 
i n g  a h i g h e r  v e l o c i t y ,  thus necessarily p r o d u c i n g  i n s t a b i l -  
i t y .  ' .  .. % , .  

There  i s  s t i l l  a n o t h e r  c a u s e  o f  t u r b u l e n c e ,  which was 

. 
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d i s c o v e r e d  i n  a t h e o r e t i c a l  manner ( r e f e r e n c e s  2 ,  3, and 
4 )  and  which c a l l  f o r  s p e c i a l  c o n s i d g r a t i o n  when t h e r e  
a r e  none o f  t h e  above-mentioned d i s t u r b a n c e s b  In t h e  f l o w  
a l o n g  a wa l l ,  t h e r e  o c c u r  c e r t a i n  s l o w  d i s t r i x b a n c e s  which 
above  a c e r t a i n  c r i t i c a l  Reynolds  Number, i n c r e a s o  i n  
s t r e n g t h  a n d  t h u s  p r o d u c e  hn t h e i r  r e t a r d e d  zones ,  a f t e r  
t h e i r  a m p l i t u d e s  h a v e  become g r e a t  enough,  t h e  p r e l i m i n a r y  
c o n d i t i o n  f o r  t u r b u l e n c e ,  I t  is n o r t h y  of n o t e  t h a t  t h e  
c r i t i c a l  Reynolds  Numbers f o r  two  d i f f e r e n t  c a s e s ,  a s  de- 
t e r m i n e d  t h e o r e t i c a l l y  by T o l l n i e n  ( r e f e r e n c e  4 )  and 
S c h l i c h t i n g  ( r e f e r e n c e  G ) ,  a r c  i n  good agreement  p i t h  t h e  
e x p e r i n e n t  a1  v a l u e s  

~ i .  
. / .  .. 1 . 

Exper imen t s  on t h e  P r o d u c t i o n  of T u r b u l e n c e  

I n  o r d e r  t o  o b t a i n  more l i g h t  on t h i s  q n e s t i o n ,  we 
i n v e s t i g a t e d  t h e  p r o d n c t i o n  of t u r b u l e n c e  by e x p e r i ~ e n t s  
i n  c h a n n e l s  20 cm ( 7 . 8 7  i n . )  wide and  6 x! ( 1 9 . 6 8 , f . t , )  l ong .  
Though we p r o c e e d e d  w i t h  g r e a t  c a r e ,  we found i t  i m p o s s i b l e  
t o  e l i m i n a t e  a l l  t h e  d i s t w b a n c e s ,  s o  t h a t  h e r e  a n d  t h e r e  
n u c l e i  of  t u r b u l e n t  motion d e v e l o p e d  i n  i r r o g u l a r ~ s u c c o a -  
sion and  s p r e a d  q u i t e  r a p i d l y .  

C l e a r e r  p i c t u r e s  were  o b t a i n e d  by p u r p o s e l y  i n i t i a t i n g  
a d i s t a r b a n c e  i n  t h e  f l o w ,  as, e.g.  by a d d i n g  o r  removing 
a l i t t l e  w a t e r  t h r o u g h  a small p i e c e  of s c r e e n i n g  i n s e r t e d  
i n  t h e  wa l l .  I n  t h e  f i r s t  c a s e ,  when a small amount of 
w a t e r ,  n o t  y e t  p a r t i c i p a t i n g  i n  t h e  f l o w ,  i s  t h r u s t  between 
t h e  w a l l  a n d  t h e  moving mass ,  i n s t a b i l i t y  i s  immedia t e ly  
p roduced  a n d  t u r b u l e n c e  d e v e l o p s  a t  t h o  poi.nt  o f  e n t r a n c e .  
The amount of w a t e r  i n t r o d u c e d  may b e  v e r y  small .  In t he  
second c a s e  t h e  g r e a t e s t  d i s t u r b a n c e  o c c u r r e d  i n  t h e  p o r -  
t i o n  of . t h e  f l o w i n g  w a t e r  o p p o s i t e  t h e  s c r e e n  a t  t h e  be- 
g i n n i n g  o f  t h e  removal  by s i t c t i o n .  Behind t h i s  p o i n t  t h e  
t h i c k n e s s  of t h e  boundary  l a y e r  8 8 s  r e d u c e d  by t h e  s u c t i o n ,  
and t h o  i n n e r  p o r t i o n  of  t h e  w a t e r  f l o * s i n g  p e a t  tho bound- 
a ry  l a y e r  h a d  t h e r e f o r e  t o  f l o v  o v e r  a s o r t  of s t e p  f r o m  
t h e  t h i n n e r  boundary  l R y e r  t o  t h e  t h i c k e r  l a y e r  or: t h o  
downstream s i d e  of t h e  s c r e e n .  This c r e a t e d  enough of  a 
d i s t u r b a n c e  t o  c a u s a  t h e  d i s i n t e g r a t i o n  of t h e  'oounc?nry 
l a y e r  in a s h o r t  t i m e .  F i g u r e  2 shows t?-Ais e f f e c t  and  t h e  
f u r t h e r  deve lopr ien t  o f  t h e  t u r b u l e n t  r e g i o n .  

The f l o w  was r e n d e r e d  v i s i t l e  by s c a t : e r i n g  aluminum 
d u s t  on t h e  s l i r f a c e  o f  t h e  v a t e r .  A s l o w l y  o p e r a t i n g  mo- 
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t i d n - p i g t u r e  camera was m o m t e d  on a c a r  which k e p t  F a c e  
w l t h  t h e  f I o w r ' $ o  tha t  t h e  same g r o u p  of  v o r t i c e s  remained  
f n ' t h e  P i e l d . o f  t h e  camera.  I n  t h e  t o p  p i c t u r e  the ob- 
l i i u e  Y t r e a m J i n g s a t  t h e  l e f t  show t h o  l o c a t i o n '  o f , l h e  suc-  
t i o n  p o i n t ,  wkiile t h e  f o r m a t i o n  of t h e  f i r s t  v o r t s x . i n  t h e  
midd le  i n d i c a t h a  t h e  l o c a t i o n  of  t h e  r r s t e p . f l  O t h e r  v o r t i -  
c e s  d e v e l o p e d  on t h e  u p s t r e a m  s i d e .  In t h e  l a s t  p i c t u r e  
t h e  o r i g i n a l . v o r t e x  is shown a t  t h e  ex t r eme  r i g h t .  I t  i s  
e v i d e n t  t h a t  I t  c a r r i e d .  water frorp t h e  boundary  l a y e r  
(which Was p p ~ p o s e l y ' s t r e w n  more t h i c k l y  w i t h  aluminum 
d u s t )  f a r  i n t q  t h e  i n t e r i o r  of t h e  f l o w .  

I .  

C H A ~ A C T E R I S T I C S  OF T'URBULEFR CURRENTS . 

V e  will now c o n s i d e r  t h e  laws of f u l l y  deve loped  t u t -  
r *  b u l e q c e .  The method, o f  p r e s e n t a t i o n  which .I s l j a l l  ,qmploy,  

d o e s  n o t  f o l l o w  t h e  h i s t o r i c a l  . deve lopmen t ,  b u t  is i n t e n d -  
ed t o  show t h e  p r e s e n t  s t a t u s  a l l  th ,e  more p a i i n l y .  I 
shall b e g i n  w i t h  a s t a t e m e n t ,  r e g a r d i n g  t h e  b e h a y i o r  o f  a,n 
i d e a l  f l u i d  w i t h o u t  v i s c o s i t y .  I n  r e a l i t y  ther .e  is no 
such  f l u i d ,  but i t  is of  a d v a n t a g e  f o r  many , c o n s i d e r a t i o n s  
t o  know what would oc.cur i n  s u c h  a n  i d e a l  f l u i d ,  b e c a u s e  
the laws o f  t h e  i d e a l  f l u i d  ( d u e  t o  t h e  a b s e n c e  o f  v i s c o s -  
i t y )  a r e  s i m p l e r  t h a n  t h o s e  of a n  a c t u a l  f1 ,uid.  

r -  

C r '  

Accord ing  t o  our p r e v i o u s  s t a t e m e n t s  t h e  t e n d e n c y  t o  
c r . e a s e s  o r ,  i n  o t h e r ' w o r d s ,  as the v i s c o s f t y  d o c r e a s e s  
(under.  o t h e r w i s e  like c o n d i t i o n s ) .  A t  t h e  zero  l i m i t  of  
v i s c o s i t y  t h e  Reynold's Number obviously. ,  bscbrnes i n f i n i t e , .  
n e c o s s i t a t i n g  t h e  c o n c l u a i o n  th 'a t  t h o  f 3 o w  of  an ideal 
f l u i d  would g e n e r a l l y  b e  t u r b u l e n t .  I f  i t  i e  a l e o  assumed 
t h a t  t h e  b o d i e s  o r  w a l l s ,  p a s t  which  t h e  f l u i d  f l o w s k ,  a r c  
m a t h e m a t i c a l l y  smooth', , t h o  s u r f a c e  f r i c t i o n  w o u l d  a l s o  be 
z e r o  and  we woul'd t h u s  o b t a i n  t h e  t h e o r e t i c a l  b e h a v i o r  of 
t h e  i d e a l .  f l u i d ,  as s t a t e d ,  i n  o l d  t e x t b o o k s  on hydrodynem- 
i c s .  I f  however ,  t h e  s u ' r f a c e s  are rough,  , i t  may be  assumed 
t h a t  a n  a r e a  of  s e p a r a t i o n ' d e v e l o p s  a t  each i n d i v i d u a l  
p o i n t  o f  r o u g h n e s s ,  however s l i g h t . 2  The f l o w  t h u s  a c q u i r e s  

2 I n  s l i g h t l y . v i s c o u s  f l u i d s ,  B r e g u l a r  s e p a r a t i o p  o f  t h o  
f low o c c u r s  on p r o j e c t I d g . p a r t s  of t h o  w a l l .  I n  t h e  l b r n i t -  
i n g  t r a n s i t i o n ' t o ,  v a n i s h i n g  v i s c o s i t y ,  Helrnhol to  s e p a r a t i o a  
s u r f a c e s  a r e  deve loped  w'i$h f i n i t o  v e l o c i t y  jumps. 

----------- ---------_-_- -_-____-__- -------.---_------I--I_____ 
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a . t u r b u l e n t  c h a r a c t e r . f r o m  t h e  mutua l  e f f e c t  of t h e  v a r i o u s  
small a r e a s  o f  s e p a r a t i o n  which a r e  u n s t a b l e  i n  t h e m s e l v e s  

-and have  a d i s t u r b i n g  e f f e c t  on one a n o t h e r .  A t  each  rough 
A s p o t  a p r e s s u r e  d i f f e r e n c e  dove lops  between i t s  u p s t r e a m  
-end d o w n s t r e a a  s i d e s ,  t h u s  p r o d u c i n g  a r e s i s t a n c e  which i s  
p ~ ! o p ~ r t i o n t ~ l  t o  t h e  sq i i a re  o f  t h e  v e l o c i t y .  

7 1. I ,  . .  
.~Brc)m 27h i . e -cons ide ra t ion  i t  may b e  assumed t h a t  i t  i s  

p e r m i s  s kbP e t ct ; mahe Atheore t  i c a l  as sump t i o n s  r e g a r d i n g  t h e  
laws of t u r b u l e n c e ; . - i n  which t h e  v i s c o s i t y  o f  t h e  f l u i d  i s  
p u t  a t  Zero .  The f o l l o v i n g  c o n s i d e r a t i o n s  c l e a r l y  show 
t h a t  we a r e  t h u s  on t h e  r i g h t  t r a c k  and t h a t ,  as a m a t t e r  
o f  f a c t ,  t h e  t u r b u l e n t  r e s i s t a n c e  i n  t h e  i n t e r i o r  o f  t h e  
f l o w  i s  p r a c t i c a l l y  independen t  of t h e  v i s c o s i t y .  I n  a 
t h i n  l a y e r  n e a r  t h e  w a l l ,  however ,  t h e  e f f e c t  of t h e  v i s -  
c o s i t y  p e r s i s t s ,  p r o v i d e d  i t  i s  n o t  c o n c e a l e d  by  t h e  e f -  
f e c t  of  g r e a t  r o u g h n e s s .  

We w i l l  b r i e f l y  e x p l a i n  a c o n c e p t i o n  which ha,s been  
found u s e f u l  f o r  t h e  more a c c u r a t e  i n v e s t i g a t i o n  of t h e  
t u r b u l e n t  mix ing  p r o c o s s e s .  T h i s  i s  t h e  s o - - c a l l e d  "mix- 
i n g  p a t h , "  which p l a y s  a s i m i l a r  role i n  t u r b u l e n t  mix ing  
p r o c e s s e s  t o  t h a t  p l a y e d  by t h e  mean f r o e  p a t h  i n  t h e  mo- 
l e c u l a r  d i f f u s i o n  o f  g a s e s .  I n  b o t h  t h e s e  p r e c e s s e s  shea'r- 
i n g  s t r e s s e s  ( o r  a p p a r e n t  s h e a r i n g  s t r e s s e s )  a r e  deve loped  
by t h e  c o n t i n u o u s  i n t e r c h a n g e  o f  energy  between f l u i d  l a y -  
ers  f l o w i n g  p a r a l l e l  t o  one a n o t h e r  a t  d i f f e r e n t  v e l o c i t i e s .  
The f o l l o w i n g  s i m p l i f i e d  r e p r e s e n t a t i o n  c a n  b e  made o f  
t h e s e  r e a l l y  q u i t e  c o u p l e x  p r o c e s s o s .  

I 

I t  i s  assumed t h a t  any p a r t i c l e ,  which,  by c o l l i s i o n  
w i t h  n e i g h b o r i n g  p a r t i c l e s ,  a c q u i r e s  a m o t i o n  c r o s s w i s e  t o  
t h e  f l o w ,  h a s ,  i n  t h e  d i r e c t i o n  of f low,  t h e  mean momentum 
of t h e  l a y e r  f rom which  i t  came, and t h a t  it:  non t r a v e r s e s  
a d i s t a n c e  1 c r o s s w i s e  t o  t h e  f l o w ,  b e f o r e  i t  c o l l i d e s  
w i t h  o t h e r  p a r t i c l e s  o r  m i n g l e s  w i t h  them. Such exchanges  
o c c u r  i n  b o t h  d i r e c t i o n s ,  and  t h u s  t h e  f a o t e r  l a y e r  re- 
c e i v e s  p a r t  i c l e s  f r o m  t h e  s lowor  l a y e r ,  which  n a t u r a l l y  re -  
t a r d  t h e  f o r m e r ,  and,  c o n v e r s e l y ,  t h e  s l o w e r  l a y e r  r e c e i v e s  
p a r t i c l e s  f rom t h e  f a s t e r  l a y e r  w.ith a n  a c c e l e r a t i n g  e f f e c t  
on t h e  f o r m e r .  

The e f f e c t  of  t h e  t w o  f l u i d  l a y e r s  on e a c h  o t h e r  is 
t h e r e f o r e  t h e  same as i f  t h e r e  were f r i c t i o n  betwoen them. 
The d i f f e r e n c e  between t h o  m o l e c u l a r  p r o c e s s e s  and  t h e  
t u r b u l e n t  p r o c e s s e s  is d u e  o n l y  t o  t h o  f a c t  t h a t ,  i n  one 
c a s e ,  t h e  i n d i v i d u a l  m o l e c u l e s ,  and, i n  t h e  o t h e r  c a s e ,  
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w h o l e  g r o u p s  o f  m o l e c u l e s  p a r t i c i p g t e  i n  t h e  exchange.  If 
u i s  t h e  v e l o c i t y  o f  t h e  f l o w  and  y t h e  c o o r d i n a t e  in 
t h e  d i r e c t i o n . a $  riglr+t a n g l e s  t o  t h e  f l o w  i n  which t h e  
change  i n  v e s o e i t y  occurs, t h e  d i f f e r e n c e  be tween t h e  v e l o c -  
i t i e s  o f  t h s , t w o  l a x e r e ,  s e p a r a t e d  by t h e  d i s t a n c e  1 ,  is 
1 ( d u / d y ) .  T h l s ,  a c c o r d i n g  t o  what p r e c e d e s ,  i s  a l so  t h e  
v a l o c i t y  d i f f e r e n c e  o f  a p a r t i c $ e  which ,  coming f r o m  t h e  
o t h e r  l a y e r ,  ming lgs  .anew w i t h  i t a  p r e s e n t  env i ronmen t .  

, In o r d e r  t o  d e t e r m i n e  t h e  magni tude  of  t h e  f r i c t i o n a l  
f o r c a  o r ,  more a c c u r a t e l y  s t a t e d ,  t h e  s h e a r i n g  s t r e s s  be- 
tween t h e  t w o  l a y e r s ,  we muet know t h e  magni tude  o f  t h e  
mass. .exchanged p e r  s econd .  T h i s ,  as r e f e r r e d  t o  t h e  u n i t  
~ T F . B ,  , c an  b e  e x p r e s s e d  by t h e  p r o d u c t  o f  t h e  d e n s i t y  
p ( ~ . y / - g )  and a n  exchange  v e l o c i t y  V I .  I n  t h e  c a s e  o f  t h e  
m o l e c u l a r  mo t ion ,  t h i s  v e l o c i t y  i s  p r o p o r t i o n a l  t o  t h e  Ve- 
l o c i t y  o f  h e a t  t r a n s f e r .  S i n c e  t h e  l a t t e r  i s  one  t h i r d  
each  a l o n g  t h e  x ,  y and  z a x e s  a n d  s i n c e ,  in o u r  example,  
F e  can  p u t ,  in f i r s t  a p p r o x i m a t i o q ,  V I  = c / 3 ,  whore c '  
i s  t h e  mean v e l o c i t y  o f  t h e  h e a t  t r a n s f e r .  Hence t h e  shear-  
i n g  s t r e s a 3  

I n  t h e  c a s e  o f  t h e  t u r b u l e n t  exchange of  masses, t h e  
v e l o c i t y  V I  s h o u l d , n a t u r a l l y  b e  t a k e n  o f  t h e  same o r d e r  
o f  magni tude  a5 the d i f f e r e n c e  i n  t h e  v e l o c i t i e s  o f  t h e  
t w o  layers a t  t h e  d i s t a n c e  1 f rom e a c h  o t h e r ,  s i n c o  t h e  
f l u i d  masses c o l l i d e  a t  v e l o c i t i e s  o f  t h i s  o r d e r  o f  mag- 
n i t u d e  ( r e f e r e n c e s  8 ,  9 ,  and 1 0 ) .  On e l i m i n a t i n g  t h e  un- 
known n u m o r i c a l  f a c t o r  V I ,  we thus o b t a i n  t h e  s h e a r i n g  
s t r e s s  

Tne e l i m i n a t i o n  o f  t h e  n u m e r i c a l  f a c t o r  o n l y  d e n o t e s  a 
somewhat d i f f e r e n t  d o f i n i t i o n  o f  1 . I n  t h i s  n s ; ~  w o  ob- 
t a i n ,  f o r  t h e  s i m p l e  v i s c o s i t y  e f f e c t ,  sheari:?.g  sees 
p r o p o r t i o n a l  t o  du/dy a n d ,  f o r  t h e  turbulei. ' ?:r.c-k~*:f e 
(whereby t h e  e f f e c t  of v i s c o s i t y  i s  d i a r e g a r s e ? ! ,  si.:,aring 
s t r e s s e s  p r o p o r t i o n a l  t o  ( d u / d y ) ' ,  which i s  i:; g\?tJlct a- 
greement  w i t h  t h e  h y d r a u l i c  r e s i s t a n c e s  p r o p o r t i c u s 1  t o  t h e  

By a more a c c u r a t e  c a l c u l a t i o n ,  B o l t z ~ n a n n  f o u n d ,  f o r  t h e  
v i s c o s i t y  q, t h e  va lue - ,  q = 0 1 3 5 0 3 . p  'c 2,  which d i f f e r 6  
'cut l i t t l e  f r o m  t h a t  inequat i 'on  1. 

---- --- _- --4- --_--_-----d_-___ ~ _-______ -- ------ ---- 
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p C- >t(he. ,v4e l p c  i $ t y  

, rlPi$,$ ii&rpui;a' 2 t h e  
.,,., . s i s : t ~ ~ n c e , s '  ';i.s! b rough t  ba 

.. , ,. ; : . ,  .. <<. I  .. ._ . 
roblem. of t h e  h y d r a u l i c  f low r e -  

t o  t h e  o t h e r  problem of t h e  d i s -  
, t : r ib%ti .oq :of t h e , m i x i n g  p a t h  2 i n  t h e  f l o w .  S o  l o n g  as 

,,'w.e have'. , . I . .  no r a t ' i o n a l  t h e o r y  of t u r b u l e n t  f l o w  which deduces  
' t ,he 1,aws 'of. t u r . b u l o n t  phenomena f r o m  hydrodynamic d i f f e r -  

e n t i a . 1  e q u a t i o n s ,  we have  t o  o b t a i n  t h e  d a t a  r e g a r d i n g  t h e  
d i s t . r i b u t i o n  o f  t h e  mixing p a t h  by e x p e r i m e n t a t i o n ,  s o  t h a t  
o n l y  o n e  unknown q u a n t i t y  i s  t h u s  r e p l a c e d  by a n o t h e r .  Fev- 
e r t h e l c s s ,  c o n s i d e r a b l e  p r o g r e s s  h a s  been mad.e, s i n c e  j . t  
h a s  been  f o u n d ,  a t  l e a s t  f o r  t h e  l a r g e r  Reynolds  Numbers 
( f r o m  a b o u t  10' u p )  t h a t  t h e  mixing  p a t h  i s  p r a c t i c a l l y  
independen t  o f  t h e  magni tude  o f  t h e  v e l o c i t y  a n d  i s ,  more- 
o v e r ,  s u b j e c t  t o  q u i t e  s i m p l e  r u l e s  for i t s  d i s t r i b u t i o n  
i n  s p a c e .  

v ,  . 

Dimens iona l  c o n s i d e r a t i o n s  o f t e n  f u r n i s h  u s e f u l  i n -  
d i c a t i o n s .  For  example ,  i n  c o n s i d e r i n g  t h e  f l o w  n e a r  a 
mo?z/less smooth f l a t  n a l l ,  on t h e  assuInpt ion  t h s t  n e i t h e r  
t h e  v i s c o s i t y  n o r  t h e  roughness/of t h e  mall has any  ecpre- 
c i a b l e  e f f e c t  a t  t h e  p o i n t  u n d e r  c o n s i d e r n t i c n  i n  t h e  i n -  
t e r i o r  o f  t h e  f l u i d ,  w e  a r e  i n  a p o s i t i o n  t o  make a s t a t e -  
ment r s g a r d i n g  t h e  d i s t r i b u t i o n  a l o n g  t h e  mixing  p a t h .  For  
a p o i n t  a t  t h e  d i s t a n c e  y f r o m  t h e  w a l l  t h e r e  i s  no o t h e r  
c h a r a c t e r i s t i c  l e n g t h  t h a n  t h i s  d i s t a n c e  y .  The mix ing  
p a t h  1 i s  a l s o  a l e n g t h ,  s o  t h a t  t h e r e  i s  no o t h e r  p o s -  
s i b i l i t y  t h a n  t o  p u t  t h e  mixing  p a t h  p r o p o r t i . o n a 1  t o  t h e  
d i s t a n c e  f r o m  t h e  w a l l :  

E e r e  K i s  a u n i v e r s a l  n u m e r i c a l  c o e f f i c i e n t ,  which c a n  
be d e t e r m i n e d  e x p e r i m e n t a l l y .  If we assume a s t a t e  of 
f l o w  i n  which t h e  s h e a r i n g  s t r e s s  7 i s  c o n s t a n t ,  we ob- 
t a i n  

accordlng t o  e q u a t i o n  2, a n d  t h e r e f o r e  

J . 1  u = 5 ( I n  y + c o n s t . )  ( 3 )  

Such a v e l o c i t y  c u r v e ,  dependen t  ofi t h e  d i s t a n c e  f rom t h e  
w a l l ,  is q u i t e  l i k e  t h e  o n b , a c t u a l ) y  o b s e r v e d  ( f i g .  3 ) .  
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Comparison w i t h  t h e  e x p e r i m e n t a l  resTJ l t s  y i e l d s  t h e  number 
0 . 4  a s  t h e  a p p r o x i m a t e  v a l u e  o f  K. 

lCarmanl,s Theory  _ .  . . .  

Von Karnan ( r e f e r e n c e  1 2 )  assumed t h a t  t h e  t u r b u l e n t  
mix ing  p roce ' s se s  a r e  t h e  same i n  all c a s c s ,  s o  t h a t  o n l v  
v a r i a t i o n s  i n  t h e  l e n g t h  and t i m a  s c a l e s  o c c u r  f rom c a s e  
t o  ca'se and  f r o m . p l a c e  t o  p l a c e  i n  t h e  f l o w .  Under t h e s e  
c i r c u b s t a n c k s  t h e  ef i e c 5 s  of viscosity a r e  rega.rded a s  neg- 
i i g i ' b l e  i n ,  'compari'son w i t h  t h e  e f f e c t s  o f  t u r b u l e n c e .  Con- 
c l u s i o n s  a r e  now drewq from E u l e r  1 s e q a a t  i o n s  r e g a r d i n g  
t h e s e  two s c a l e s ,  t h e  ' f i r s t  o f  which o b v i o u s l y  a g r e e s  i n  
p r i n c i p l e  w i t h  o u r  mix ing  p a t h  1. The v e l o c i t y  u o f  t h e  
b a s i c  f l o w ,  v h i c h  i s  assumed t o  b e  a f u n c t i o n  o f  y a l o n e ,  
i s  d e t e r m i n e d  f rom a Taylor s e r i e s  i n t e r r u p t e d  a f t e r  t h e  
q u a d r a t i c  t e r m .  The mean f o r w a r d  v e l o c i t y  o f  t h e  ; , a r t i c l e  
u n d e r  c o n s i d e r a t i o n  has no immediate  e f f e c t  on its i n n e r  
mot ion .  Of t h e  g i v e n  q u a n t i t i e s  t h e r e f o r e ,  o n l y  d n / d y  and 
d2u/dy2 need  t u  b e  c o n s i d e r e d  here. We f i r s t  h a v a  a t i m e  

du T - 1/ -- 
d. Y 

as t h e  t i m e  c r i t e r i o n  f .or t h e  F e r i o d  o f  t h e  mixing  p . rocess .  
For d i m e n s i o n a l  r e a s o n s ,  t h e  i n t e r f e r e n c e  v e l o c i t i e s  ut 
i n  t h e  X d i r e c t i o n  and  V I  i n  t h e  Y d i r e c t i o n  a r e  t g e r e f o r e  
p r o p o r t i o n a l  t o  ; I T ,  i . e .  

which a g r e e s  w i t h  t h e  p r e v i o u s  f o r m u l a s .  For  t h e  l o n g i t u -  
d i n a l  s c a l e  o f  the mixing  p r o c e s s ,  Von Karman f i n d s  t h e  re-  
l a t  i o n  

. in which l i t  is a c o n s t a n t  d e t e r m i n e d  e x p e r i m o n t a l l y .  
T h i s  e x p r e s s i d n  o f  Harman's t h e o r y  g o e s  beyond previous 
e x p r e s s i o n s ,  b.eca7lse i t  f u r n i s h e s  a method f o r  c a l c u l a t i n g  
t h e  magni tude  o f  t h e  .mixing Fnt l i  iKdeTendent ly  of' t h e  SLis- 
t a n c e  from a wal l .  If  t h i s  expross i 'on  i s  i n t r o d u c e d  i n t o  
e q u a t i o n  2 asd i n t e g r a t e d  on t h o  zasii!a?tion o f  a c o n s t a n t  
s h e a r i n g  s t r e s s  i n  t h e  r c g i o n  u n d e r  c o n s i d e r a t i o r ,  we ob- 



10  N.A.C.A. T e c h n i c a l  Memorandum No. '720 

.. . 
t a i n  

, .  . . . .  . . .  

i . e .  p r a c t i c a l l y  e q u a t i o n  3 agtkin. The r e q u i r e d  agreement  
w i t h  t h e  e x p e r i m e n t a l  r e s l i l t s  o b v i o u s l y  l e a d s  t o  p u t t i n g  
K '  =. K. Hence b o t h  fo rmulae  y i e l d .  t h e  same v e l o c i t y  d i s -  
t r i b u t i o n  i n  c a s e  of c o n s t a n t  s h e a r i n g  s t r e s s .  

Th,ere is no l o n g e r  any  agreement  r e g a r d i n g  t h e  s h e a r -  
i n g  s t r e s s  i n  t h e  o t h e r ' a s s u m p t i o n s .  bioreover ,  t h e  f o r n u -  
l a  I = ~y . . i$  w i t h o u t  any v a l i d  b a s i s ,  s i n c e ,  due t o  t h e  
v a r i a b i l i t y  o f - t h e  s h e a r i n g  s t r e s s ,  a s t i l l  f u r t h e r  l e n g t h  

T ~ C L  
dY 

i s  a v a i l a b l e ;  but  even Rarmants  f o r n u l a  

h e r e  means o n l y  a n o t h e r  e s t i m a t e d  approx ima t ion , ,  s i n c e  i t  
was o b t a i n e d  by d i s r e g a r d i n g  t h e  e f f e c t  of  dSu/dy3 and  
h i g h c r  t e r m s  i n  t h e  s e r i e s  development  f o r  U. I n  t h e  
c a s e  T = c o n s t a n t ,  t h e  t w o  s o l u t i o n s  c o i n c i d e ,  b e c a n s e  
t h e  v e l o c i t y  d i s t r i b u t i o n ,  a c c o r d i n g  t o  e q u a t i o n  3 , .  i s  t r a n s -  
f e r r e d  by chang ing  t h e  i n t e g r a t i o n  c o n s t a n t ,  i n  c a s e  t h e  
s h e a r i n g  s t r e s s  T r ema ins  u n a l t e r e d ,  s o  t h a t  t h e r s  i s  
h e r e  a l s o  a pronounced  s i m i l a r i t y  w i t h  t h e  b a s i c  f l o w .  

From e q u a t i o n  3 i t  i s  e a s i l y  s e e n  t h a t  t h e  q u a n t i t y  
d G  i s  a v e l o c i t y .  T h i s  v e l o c i t y  i s  v e r y  v a l u a b l e  f o r  
v a r i o u s  s i m i l a r i t y  c o n s i d e r a t i o n s  i n  what f o l l o w s .  We w i l l  
t h e r e f o r e  d e s i g n a t e  i t  by v* a n d  c a l l  i t  " s h e n r i n g - s t r e s s  
ve1oc i ty . I '  The f o r m u l a  T = p v * 2  is of  s imi la r  form t o  
t h a t  f o r  t h e  dynamic p r e s s u r e  

= Q p u2, 
pa 

which is c o m p r e h e n s i b l e  f o r  d i m e n s i o n a l  r e a s o n s ,  s i n c e  t h e  
s h e a r i n g  s t r e s s  i s  a l s o  a f o r c e  p e r  u n i t  a r e a .  The a p p a r -  
e n t  s h e a r i n g  s t r e s s  7 o f  t h e  t u r b u l s n c e  i s  g e n e r a l l y  very 
small a s  compared w i t h  t h e  dynamic p r e s s u r e .  Hence i n  v *  
we a r e  a l s o  d e a l i n g  w i t h  a v e l o c i t y  which i s  r e l a t i v e l y  
small a s  compared w i t h  t h e  f l o w  v e l o c i t y  u.. Comparison 
w i t h  e q u a t i o n  2 shovs, moreover ,  t h a t  

. , -. 
, I .  2.. . : .  . 3  '. 
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I-Lence, .v,.* i s ,  o f  t h e  o r d e r  o f  magni tude  Qf. , . the mixing  vg-  
l o c i t i e s  ut and  V I .  

FLOW d O N G  A 9OUGX WALL 

Frdm o u r  s t a n d p o i n t  t h e  Plow a l o n g  a rough  w'all i s  , 
s i m p l e r  t h a a  a l o n g  a s r q o o t h  wa l l ,  b e c a u s e  t h e  v i s c o s i .  

r e p o n d e r a n t  r e o l e  i n  t h e  l a t t e r  c a s e ,  bu t  zlqt  
r .  It, i s  t h e r e f o r e  ' b e t t e r  t o  c o n s i d e r  t h e  ?l+oW 

a l o n g  a r,ough wall f i r s t .  , I f  k i s  a l d n g t h  i n d i e  
t h e  r o u g h n e s s  o f  t h e  wa l l ? '  i t  f o l l o w s ,  from a s imp1 
i l a r i t y  c o n s i d e r a t i o n  on t h e  b a s i s  o f  t h e  i d e a l  f l a i d ,  
t h a t  t h e  v e l o c i t y  d i s t r i 5 u t i o n s  n e a r  t h e  w a l l ,  w i t h  g e o -  
m e t r i a a l l y  s,imilar r o u g h n e s s e s ,  are a l s o  g e o m e t r i c a l l y  s i m -  
i l a r ,  s o  t h a t  t h e  s i 7 e  of  t ,he g r q i n  k f n r n i s h e s  t h e  c r i -  
t e r i o n  f o r .  i t .  Tho forrnulate,d e x p r e s s i o n  o f  t h i s  r e l a t i a n -  
s h i p  is t h a t  t h e  v e l o c i t y  a t  t h e  d l s t a n c e  y i s  a f u n c t i o n  
o f  t h e  r a t i o  y / k .  If t h i s  v u l o c f t y  d i s t r i b u t i o n  t s  b a s e d  
o n  e q u a t i o n  3, which ,  a c c o r d i n g  t o  what has p r e c e d e d ,  i s  a t  
l e a s t  a d v i s a b l e  f o r  t h e  region's f a r t h e r  i n  t h e  i l i t c r i o r  of 
t h e  f l u i d ,  i t  i s  found  t h a t  t h e  l u t e g r a t i o n  c o n s t a n t  o f  e- 
q u a t i o n  3 = c o n s t a n t  - In k. 

A h i t h e r t o  u n p u b l i s h e d  s e r i e s  o f  e x p e r i m e n t s  by Niku- 
r a d s e  w i t h  t u b e s  of v a r i o u s  diameters, whicli were g i v c n  
d i f f e r e n t  d e g r e e s  of roughness  by g l u i n g  t o  them s i f t e d  
sand with a suitable varnish, showed  tiwt t h e  n e w  constant 
= 3.4 = I n  30, k 't\cir,g: t h o  mean d i a m e t e r  o f  t h e  g r a i n s  
o f  sand used t o  p r o d u c e  the roughncss. With l / K  = 2 . 5 ,  
n e  o b t a i n  the f o r m i l a  

B y  a s h i f t i n g  o f  the c o o r d i n a t e s  by t h e  amount o f  k/30, 
i t  i s  a l s o  p o s s i b l e  t o  o b t a i n  u = 0 € o r  y = O e 4  ? c n c e ,  

./ v -I- --- ' I  u = 2 . 5  v * l n  
k 
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. .  
o r ,  i f  t h e  n a t u r a l  l o g a r i t h m  i s  r e p l a c e d  by k'common l o g -  
a r i t h m ,  

30 Y . .  . . .' I 

u = 5.75 V* i o g  (1 + -c-) 
Eq:iat ions 5 a n d  5a t h e r e f o r e  show a f i x e d  r e l a t i o n  be tween 
t h e  v e l o c i t y  d i s t r i b u t i o n ,  s h e a r i n g - s t r e s s  v e l o c i t y ,  d i s -  
t a n c e  from t h e  w a l l  and  t h e  d e g r e e  o f  roughness  k. T h i s  
f i r s t  h o l d s  good f o r  t h e  k i n d s  of  roughness u s e d  i n  t h e  
expe r ik i en tp . .  For  other forms  o f  s i J r f a c e  r o u g h n e s s ,  more- 
over , '  t h e r e  i s l p r q b a b l y  a n o t h e r  number i n s t e a d  of 3C, a l s o  
dependent  o n . t h e  manner o f  d e f i n i n g  t h e  roughness  s c a l e .  
P r e p a r a t i o n 9  for t e s t s  i n  t h i s  c o n n e c t i o n  are b e i n g  m a d e  
i n  G h t t i n g e n .  

, E q u a t i o n  5 imniedia te ly  affords u s  the opportunity t o  
check  t h e  above  s t a t e n e n t  r e g a r d i n g  t h e  b e h a v i o r  of t h e  
i d e a l  f l u i d .  R e p r e s e n t  t h e  v e l o c i t y  a t  the d i s t a n c e  y 2 h 
by u = u  
from e q u a t i o n  5a .  

With t h i s  a s s a m p t i o n  v* c a n  h e  e l i m i n a t e d  
1: 

U v ,  = -------- 1 ------_L 

and c o n s e q u e n t l y  

h 
5.75 l o g  (1 f 30 -) 

\ k; 

The c o r r e s p o n d i n g  s h e a r i n g  s t r e s s  i e  

f r o m  which i t  f o l l o w s  t h a t  t h e  s h e a r i n g  s t r e s s  i e  . p r o p o r -  
t i o n a l  t o  t h e  s q u a r e  o f  t h e  f low v e l o c i t y  u:. The e f f e c t  
o f  t h e  roughness  o f  t h e  wa l l  i s  l i k e w i s e  shown b y  e q u a t i o n  
7 .  

If we p a s s  t o  t h o  rnat;.te:;:atically smooth w a l l ,  i . e . ,  
t o  k = 0 ,  t h e n ,  accor%in: i ;  t o  e q u a t i o n  6 ,  u = u1 a n d  
7 = o f o r  a l l  v a l u e s  o f  y c o n s t a n t ,  as s t a t e d  in t h e  



X . B . C . A .  T e c h n i c a l  Memorandum No. 720. 13 

c l a s s i c a l  hydro,dynamics on t h e  i d e a l  f l u i d .  1.t i s  a l s o  
o b v i o u s  t h a t  even a submic roscop ic  roughness '  w i t h  a k 
o f  t h e  o r d e r  o f  magni tude  o f  t h e  d i a n e t e r  o f  a n  a t o m  would 
s t  ill show c o n s i d e r a b l e  d e v i a t i o n s  from t h e  i d e a l  b e h a v i o r .  
Our f o r m u l e s  c a n  no l o n g e r  be u s e d  f o r  s u c h  c a s e s .  The 
r e l a t i o n s  a r e  h e r e  c o n s i d e r a b l y  a l t e r e d  by t h e  v i s c o s i t y ,  
as m i l l  b-e shown i n  what f o l l o w s .  

THE FLOW I N  TUBES 

I t  i s  a n  i m p o r t a n t  d i s c o v e r y  t h a t ,  i n  a s t r a i g h t  t u b e ,  
t h e  r e l o t i r e  mot ion  o f  t h e  f l u i d  p a r t i c l e s  a t  m o d e r a t e l y  
l a r g e  Hcynolds Nunbors depends on  t h e  fall i n  pi-e::sure end 
n o t  a t  e l l  on t h e  c h a r a c t e r  of  tile mal l ,  s o  t h a t  t h e r e f o r e ,  
w i t h  c o n s t a n t  f a l l  i n  p r e s s u r e ,  t h e  v e l o c i t y - d i s t r i b u t i o n  
c u r v e s  i n  t i ibes  o f  g r a a t e r  and  l eRs  w a l l  r o u g h n e s s  c a n  be 
b rough t  i n t o  confo rn j t ; r  by s h i f t i n g  a l o n g  t h e  v e l o c i t y  ax- 
i s  ( o f  c o u r s e  a s i a e  f r o m  a l a y e r  i n  immediate  c o n t a c t  w i t h  
t h e  w a l l ,  where t h e  v e l o c i t y  i n c r e a s e  i s  n a t u r a l l y  g r e a t e r  
on a smoother  s u r f a c e  t h a n  on a r o u g h e r  o n e ) .  T h i s  r e l a -  
t i o n  was d i scoveped  b;r Darcy ( r e f s r e n c e  14) 7 5  y e a r s  ago 
i n  h i s  r e s e a r c h e s  on r e s i s t a n c e  i n  p i p e s  and  w e s  t h e n  em- 
p h a s i z e d ,  b u t  was s n b s o q u e n t l y  f o r g o t t e n .  F r i t s c h  d i s -  
c o v e r e d  i t  a n e w  b y  d i r e c t  o b s e r v s t j o n  i n  h i s  e x p e r i m e n t s  
w i t h  rough  c h a n n e l s  a t  Aachon ( r e f o r e n c e  1 7 ) .  From our 
s t a n d p o i n t  t h i s  d i s c o v e r y  i s  i d e n t i c a l  w i t h  t h e  f a c t  t h a t  
t h e  d i s t r i b n t i o n  o f  t h e  mixing  p a t h  a l o n g  the i n s i d e  o f  the 
t u b e  i s  p r a c t i c a l l y  independen t  o f ' t h e  n a t u r e  of  t h e  w a l l .  
I n  c o n n e c t i o n  w i t h  ou r  e a r l i e r  d i s c o v e r i e s  i t  i s  n a t u r a l  t o  
s u r m i s e  t h a t  t h e  f o r m u l a  

can be  w r i t t e n  f o r  t h e  mixing  p a t h ,  where y i s  t h e  d i s -  
t a n c e  from t h e  wall a n d  r t h e  r a d i u s  o f  t h e  t u b e .  S i n c e  
t h e  d i s t r i b u t i o n  o f  t b e  s h e a r i n g  s t r e s s  a l o n g  t h e  t u b e  i s  
known when t h e  p r e s s u r e  f a l l  is given, t h e  d i s t r i b u t i o n  o f  
2 c a n  be  v e r i f i e d  by me3sur ing  t h e  v e l o c i t y  d i s t r i b u t i o n  

wi th  t h e  a i d  of  e q u a t i o n  2 .  I t  i s  f o u n d  t h a t  t h e  above  
s t a t e n e c t  is c o n f i r m e d ,  a t  l e a s t  f o r  t h e  h i g h e r  Reynolds  
Xumbers. Fi,:u.re 4 g i v e s  t h e  r e s n l t  i n -  nond imens iona l  form 
an6  c o n s e q u e n t l y  s h o w s  t h e  c o u r s e  o f  t h e  f u n c t i o n  fl a I n  

o f  t u b e ;  y d i s t a l i c e  from w a l l ;  and  k, mean l o n g i t u d i n a l  
d imens ion  o f  t oug i ines s .  

1 -  t h e  f u n c t i o n  f l ( : j / r ) ,  1 i s  t h e  m i x i n &  p a t h ;  r ,  r a d i u s  
i 
Ir 
I 
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C o n v e r s e l g ,  on t h e  S a s i s  o f  t h i s  f u n c t i o n  and w i t h  
t h e  a i d  o f  e q u a t i o n  2 ,  we c a n  c a l c i l l a t e  du/dy ,  from 
which ,  by an  i n t e g r a t i o n ,  a n  e x p r e s s i o n  f o r  tk.e v e l o c i t y  
i t s e l f  can  b e  o b t a i n e d .  On t h e  i n t r o d u c t i o n  o f '  t h o  s h e a r -  
i n g  s t r e s s  v e l o c i t y  v* t h i s  e x p r e s s i o n  t a k e s ,  t h e  form 

T h i s  e q u a t i o n ,  which was f i r s t  deve loped  b y  Yon Karman 
( r c f e r e n c e  12), has also bzen  e x p e r i m e n t a l l y  c o n f i r m e d ,  
as  shown by f i g u r e  5 ,  i n  r h i c h  t h e  t e s t  p o i n t s  a r e  g i v e n  
f o r  s m o o t h  t u b e s  a n d  f o r  v a r i o u s  rough t u b e s .  I n  f u n c t i o n  
f ( Y h L  Urnax i s  t h e  zaxirnurn f l o w  v e l o c i t y ;  7.1, f l o w  ve- 
l % c i t y  a t  t h e  p o i n t  y ;  v* ,  s h e a r i n g - s t r e s s  d i s t r i b n t i o n  - 

7 , s h e a r i n g  s t r e s s ;  p ,  d e n s i t y .  

Me c a n  now p a s s  f rom t h e  v e l o c i t y  11 a t  a n y  d i s t a n c e  
y from t h e  wall t o  t h e  mean v e l o c l t y  5. \Ye t h u s  o b t a i n  
from e q i i a t i o n  8 a n  e x p r e s s i o n  of t h e  form 

( 9 )  
- - u = v* X c o e f f i c i e n t  

u?7, El x 

N i k u r a d s e ' s  G l t t t i ngen  e x p s r i a e n t s  y i e l d e d  4.07 as t h e  v a l -  
u e  of t h i s  c o e f f i c i e n t .  I t  w a s  a p i e a e  of good. luck t h a t  
our  e q u a t i o n  3 o r  t h e  s p e c i a l  forxn f o r  a rough wall ( equa -  
t i o n  5) y i e l d e d s ,  up t o  t h e  mid t i l e  of t h e  t - i be ,  a u s e f u l  
approx ima t  ion for t h e  pznc t  ion 

5For more a c c u r a t e  c a l c u l a t i o n s ,  a small suDF1ementarg term 
w o T i l d  have  t o  b e  adaed, which w i l l  bt: inc lndc i !  l a t e r ,  a t  
l e a s t  in t h e  f i n a l  result. 

"Darcy ( r e f e r o n c e  14) deduces  from h i s  e x p e r i m e n t s  

f a  (y/r) , namelg- G - - _ _ _  ___--__------________-- - - __-___- -- ------.---- -- . -.- -- -.-- ----- 

L ' ( r  - y )  312 - u = 1 1 * 3  "max r 
2- t h e  me te r .  i s  (!. i s  t h e  g r a d i e n t  and  t h e r e f o r e  = - g o  dx '  

t h e  u n i t  o f  l e n g t h ) .  T h i s  e q u a t i o n  can  be  p t  i n  ' t he  f o r m  
o f  e q u a t i o n  8 and  t h u s  becones  

which,  w i t h  t h e  e x c e p t i o n  o f  t h e  mali v i c i n i t y  wherc Darcy 
made no measii.sernents, n f ; roes  ve ry  w e l l  w i t h  inodern r e s u l t s  
( f i g .  5 ) .  
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l e  now have  a l l  t h a t  i s  needed t o  c a l c u l a t e  t h e  r e s i s t a n c e  
o f  a rough t u b e  f o r  a g i v e n  q u a n t i t y .  Re w i l l  f i r s t  w r i t e  
t h e  c u s t o n a r y  e x p r e s s i o n  f o r  t h e  d r a g  c o e f f i c i e n t  h: 

From t h e  e q u i l i b r i u m  o f  a w a t e r  c y l i n d e r  o f  r a d i u s  

e x p r e s s i o n  # 

r = d/2, 
. w e  o b t a i n ,  f o r  t h e  s h e a r i n g  s t r e s s  T~ of' t h e  wall, t h e  

I - -  

and a c c o r d i n g l y  

The compar i son  o f  e q u a t i o n s  11 and 1 2  y i e l d s ,  K i t h  the 
t u b 6  d i a m e t e r  d = 2 r ,  

V*Z= 8" Ti2 

(1%) 

By t h e  use o f  o q u a t i o n  5a a t  t h e  midd le  o f  t h e  t u b e  (y = r )  
* we o b t a i n ,  when, u n d e r  t h e  l o g a r i t h m ,  v e  d i s r e g a r d  1 is 

compar ison  w i t h  t h e  v e r y  g r e a t  v a l u e  30 r / k . a n d  p u t  l o g  
30 = 1 . 4 7 7 ,  

r = ~ , ( 5 . 7 5  l o g  - + 8 .5 )  %ax k 

On the o t h e r  hand ,  a c c o r d i n g  t o  e q u a t i o n  9 

r - 4.07  v* = v * ( 5 . 7 5  l o g  + 4 . 4 3 )  ' l m a  x i-i g =  

Taking e q u a t i o n  13 i n t o  c o n s i d . e r a t i o n ,  we now have 

T h i s  is v e r y  w e l l  con f i rmed  by  e q p e r i m e n t ,  . w i t h  o n l y  t h e  
s l i g h t  d i f f e r e n c e  t h a t  1.7.4 is b e t t e r  t h a n  1.57 i n  t h e  de- 

cr ) '  
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nomina to r .  
p r e s s e d  a u x i l i a r y  t e r m  i n  e q u a t i o n  1 0 .  The e x p e r i m e n t a l  
conf i rma t -9n  o f ” t h o  f o r m a l a  i s  b e s t  accompl i shed  by p l o t -  
t i n g  l/+./jb a g a i n s t  l o g  r / k .  Accord ing  t o  t h e  f o r e g o i n g  

T h i s  d i f f e r e n c e  i s  c o n n e c t e d  w i t f ;  t h e  sup- 

l /G= 2.0 l o g  f + 1.74 
k 

(16) 

The p l o t t i n g  must t h e r e f o r e  y i e l d  a s t r a j g h t  l i n e .  F i g u r e  
6 shoms t h i s  l i n e  f o r  s i x  rough t a b e s  a c c o r d i n g  t o  Iileas1,xre- 
m e n t s  by Nikuradse .  ( S e e  a l s o  f i g u c e  9 . )  The g e n e r a l  f o r m  
o f  e q u a t i o n  14, a s  l i k e w i s e  an e q u a t i o n  a n a l o g o u s  t o  equa- 

was t i o n  1 6  for a c o e f f i c i e n t  o.f r e s i s t a n c e  based  on u 
f i r s t ’  d e v e l o p e d  by Von Karman. He a l s o  m d e  t h e  r e c t i l i n -  
e a r  g r a p h .  

m 8 ’  

E f f e c t  of  V i s c o s i t y  ( smooth  t u b e )  

I t  h a s  a l r e a d y  been ment ioned  t h a t  t h e  e f f e c t  o f  v i s -  
c o s i t y  i s  g r e a t e r  when t h e  r o u g h n e s s  i s  l e s s ,  b u t  of  c o u r s e  
o n l y  on t h e  b o u n d a r y - l a y e r  phenomena. The rough  p l a c e s  a r e  
h e r e  more o r  l e s s  c o v e r e d  by a slower-moving l a y e r  o f  f l u i 6  
and a r e  t h u s  r e n d e r e d  i n e f f e c t i v e  a s  r e g a r d s  r e s i s t a n c e .  
P r o g r e s s  c a n  a l s o  be  made h e r e  w i t h  a d i m e n s i o n a l  c o n s i d o r -  

The s h e a r i n g  s t r e s s  i s  r e s p o n s i b l e  f o r  what t a k c s  
p l a c e  on t h e  wall  a n d  c o n s o q u e c t l y  t h e  v e l o c i t y  v* b a s e d  
on t h i s  s h e a r i n g  s t r e s s ,  and  also t h e  c r i t e r i o n  of rough- 
n e s s  k. A wall  c h a r a c t e r i s t i c  v ,k /u  can  be  deve loped  
f rom t h e s e  t w o  w i t h  t h e  k i n e m a t i c  v i s c o s i t y  b y ’ a n a l o g y  w i t h  
t h e  Reynolds  Number. S i n c e ,  w i t h  f i x e d  v*, t h e  s t a t e  o f  
f l o w  i n  t h e  i n t e r i o r  r ema ins  u n a l t e r e d ,  t h e  o n l y  r e m a i n i n g  
p rob lem i s  t o  a d a p t  t h e  i n t e g r a t i o n  c o n s t a n t  of e q u a t i o n  3 
t o  t h e  new r e l a t i o n s .  T h i s  is accompl i shed  by in t rod .uc ing  
a m o d i f i e d  roughness  c r i t e r i o n ,  

* a t i o n .  

i n s t e a d  of  k ,  i n t o  e q u a t i o n s  5 t o  7 a n d  1 4  t o  1 6 .  Regard- 
i n g  t h e  c o u r s e  of t h e  f u n c t i o n  f g ,  i t  f o l l o w s  from t h e  
f o r e g o i n g  t h a t  i t  must b e  e q u a l  t o  1 f o r  l a r g e  v a l u e s  of 
t h e  w a l l  c h a r a c t e r i s t i c ,  i n  o r d . e r  t o  r e s t o r e  t h e  p r e v i o u s  
r e l a t i o n s .  An i m n e d i a t e  c o n c l i ~ s i o n  c a n ,  however ,  be  drawn 
as  t o  what f o r m  t h e  fvnc t io : ,  f:, must assume f o r  small  
v a l u e s  of v* k/U.  The o ’bse rva t ions  show t h a t ,  f o r  s l i g h t  

. .  . 
. .  . _ .  , .  . .  
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bu t  s t i l l  a p p r e c i a b l e  r o u g h n e s s ,  t h e  rough t u b e  does  n o t  
d i f f e r  p r a c t i c a l l y  from' a p e r f e c t l y  s m o o t h  t u b e ,  p r o v i d e d  
t h e  Reyno las  'Number i s  n u t  u n u s u a l l y  .hi,U;';Li. Such a cond i -  
t i o n  i s  o b t a i n e d .  when 

" 

V = c o a f f i c i e ~ t  X ---- 
v* k 

. I *  h * ' k  
f \< -7- 

L) 

since.  k i s  t h u s  removed f rom t h e  f o r e g o i n g  f o r m u l a s  and  
i s  r e p l a c e d  by c o e f f t c i e n t  X --. * T h e  e x p e r i m e n t s  c o n f i r m  

t h i s  r e s v l t  and show, w i t h  r e s p e c t  t o  t h e  c o e f f i c i e n t  
which l e a v e s  thb d i m e n s i o n a l  c o n s i d o r a t i o n  s t i l l  open ,  
t h n t  o ' i r  r r e v i o u s  v a l u e  of k/30 must be  r e p l a c e d  by 
v / 9  v * .  
f o r  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  t u b e  

11 

v *  

I n s t e a d  o f  e q u a t i o n  5 a ,  we now o b t a i n  t h e  f o r m u l a  

(I?) V Y  u " v * ' ( 5 ; ? 5  l o g  2- 4- 5.5) 
i, 

I 

On p l o t t i n g  U/V,  a g ' a i n s t  l o g  v,y'/v. we o b t a i n  a s t r a i g h t  
l i n e  which must c o n t a i n  a l l  t h e  p o i n t s  n e a r  t h e  wall f o r  
t h e  v e l o c i t y  F r o f i l e s  o f  a l l  smooth p i p e s .  A11 e x c e p t i o n  i s  
f o r m e d  o n l y  by t h e  v a l u e s  a t  v e r y  small nondirnensional  d i s -  
t a n c e s  f r o m  t h e  wal l  v,y/-p, a t  which t h e  t u r b u l e n c e  i s  
s t i l l  a f f e c t e d  by t h e  v i s c o s i t y .  Up t o  t h e  p r e v i o u s l y  
ment ioned  s u p v l e m r n t a r y  f i i n c t i o n ,  e q u a t i o n  1 7  i s  also v a l i d  
t o  t h e  m i d d l e  o f  t h e  t u b e .  The e x p e r i m e n t a l  p o i n t s  i n  f i g -  
u r e  7 a c t u a l l y  c o n t a i n  not o n l y  t h e  p a r t s  tear the  wall, 
b u t  e x t e n d  a l m o s t  t o  t h e  midd le  o f  t h e  t u b e .  One c a n  t h e r e -  
f o r e  n o t e  small s y s t e n a t i c  d e v i a t t o n s  f rom t h e  s t r a i g h t  
l i n e ,  wi ' ich'of c o u r s e  h a v e  t o  be c o n s i d e r e d  i n  a more ac-  
c u r a t e  t h e o r y  ( r e f e r e n c e  18), 

For  compar i son  f i g u r e  7 also showe, by a d a s h  l i n e ,  
t h e  v e l o c i t y - d i s t r i b u t i o n  law 

~ ~ . -  

a s  d e t e r m i n e d  on t n e  bas i s  of t h e  B l n s i u s  formula f o r  t h e  
f r i c t i o n  o.f t h e  t u b e ,  I t  i s  fonnd t h a t ,  i n  a c e n t r a l  r e -  
g i o n  f o r  v h i c h  alone d a t a  were  f o r m e r l y  a v a i l a b l e ,  i t  p rac -  
t i c a l l y  c o i n c i d e s  w i t h  t h e  s t r : i i t :ht  l i n e  o f  e q u a t i o n  17, 
b u t  d e v i n t c s  c o n s i d e r a b l y  abovo and  below t h i s  r e g i o n .  I-n 
f a c t  i t  W E I S  l o n g  s i n c e  d i sc ,ove red  t h a t ,  a t  h i g h e r  Reynolds  

. _  
I 1  . '  . .  
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0 ,  

Nunbers ,  t h e  s e v e n t h  r o o t  i s  r e p l a c e d  by t h e ' e i g h t h  and  
n i n t h  r o o t s ,  e t c .  Tho r e a s o n  f o r  t h i s  b t . hav io r  i s  mani- 
f e s t ,  s i n c e  t h e  l a w  o f  thc. s e v e n t h  r o o t  now a p p e a r s  t o  be 
o n l y  a n  a p p r o x i m a t i o n  fo rmula  f o r  t h e  r e a l  law, which i s  
r e p r e s e n t e d  by7 e q u a t i o n  1 7 ,  whereby t h e  p a r t i c u l a r  numeri-  
c a l  v a l u e s  of t h e  a p p r o x i m a t i o n  fo rmula  n a t u r a l l y  s t i l l  
depend on t h e  r e g i o n - i n  which t h e y  s h o u l d  a g r e e  w i t h  t h e  
a c c u r a t e  f o r m u l a 7 .  

F o r  t h e  c o e f f i c i e n t  of  r e s i s t a n c e ,  we o b t a i n  f rom 
e q x a t i o n  16 by t h e  same m o d i f i c a t i o n  

v r  1 -- = 2.0 log -&-- + 0.5 
h . 6 -  V 

Taking  e q u a t i o n  13  i n t o  C o n s i d e r a t i o n ,  we c a n  p u t  

W.it'h < d / v  = Re, a0 o b t a i n  

1Lj;i- = 2 . 0  l o g  (Re%/l-) - 1.0 (19) 

T h i s  f o r m u l a  was v e r i f i e d  e x p e r i m e n t a l l y  b e  Nikuradse  
( r e f e r e n c e  20)  up  t o  t h e  Reynolds  Nnrn'oer 3.4 X l o 6 .  I t  
must br, cha.nged o n l y  by t h e  c o n s i d e r a t i o n  o f  t h e  p r e v i o u s l y  
men t ioned  sup7lernentary  f u n c t i o n  o f  t h e  n u m e r i c a l  v a l u e  
f r o m  - 1 . 0  t o  - 0.8 .  The f i n a l  fo rmula  f o r  t h e  r e s i s t a n c e  
c o t f f i c i o n t  i s  t h e n  

The c a l c u l a t i o n  of t h e  r e s i s t a n c e  c o e f f i c i e n t  c o r r e s p o n d i n g  
t o  any g i v e n  v a l u e  o f  Regnolds  Number e n c o u n t e r s  no p a r t i c -  
u l a r  d i f f i c u l t i e s ,  a l t h o n g h  Jr o c c u r s  once  more on t h e  
r i g h t  s i d e .  One c a n ,  f o r  example,  assume p r o v i s i o n ~ l l y  any 
v a l u e  f o r  d-h on t h e  r i g h t  s i d e  and  c a l c u l a t e  1 and  
t h e n  r e p e a t  t h e  p r o c e s s ,  i f  t h e  d i s c r e p a n c y  i s  t o o  g r e a t .  
I n  f i g u r e  8 the -  c o u r s e  o f  is p l o t t e d  with r e s p e c t  t o  Re 
accor.di,ng t o  e q u a t i o n  20 t o g a t h e r  w i t h  t h e  e x p e r i m e n t a l  v a l -  
'"Below l o g  v , y / v =  2, t h e  s t r a l g h t  l i n e  o f  e q u a t i o n  1 7  
shoxs a p p r e c i a b l e  d e v i s t i o n s  f r o m  t h e  t e s t  p o i n t s .  T h i s  is 
dne t o  t h e  i n f l u e n c e  o f  t h e  v i s c o s i t y .  I f  t h o  s m a l l e s t  su- 
p e r c r i t  i c a l  Reynolds  Xumbcrs a r e  d i s r e g a r d e d ,  t h i s  d e v i a t i o n  
o c c u r s  o n l y  i n  a v e r y  t h i n  l a y o r  n e a r  t h e  w a l l  of  t h e  t u b e .  

_------ . ----------_ - _------_ ------- -- -------__-- 
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u e s .  By e s p e c i a l l y  good l u c k  t h i s  fo rmula  a g r o e s  w i t h  t h e  
e x p o r i m e n t s  down t o  t h e  s m a l l e s t  s u p e r c r i t i c a l  Reynolds  
Numbers. 

We now t u r n  once  more t o  t h e  g e n e r a l  p roblem of t h e  
rough t u b e .  On t h e  b a s i s  of measurements  by X i k u r a d s e  
(now b e i n g  p r e p a r e d  f o r  p u b l i c a t i o n )  t h e  c o u r s e  o f  t h e  r e -  
s i s t a n c e  c o e f f i c i e n t  i s  p l o t t e d  i n  f i g u r e  9 a g a i n s t  t h e  
Reynolds  Niimber f o r  t u b e s  o f  d i f f e r e n t  r e l a t i v e  ronghness  
k / r .  The c u r v e s  i n  f i g u r e  9 a r e  based  o n  e x p e r i m e n t s  w i t h  
tTihes of  w e l l - d e f i n e d  roughness  p roduced  by g l u i n g  g r a i n s  
o f  s a n d  of d e f i n i t e  and d i f f e r e n t  s i z e s  (k) t o  t h e  i n s i d e  
of t u b e s .  The c o n d i t i o n s  t o  t h e  l e f t  o f  t h e  c r i t i c a l  Rey- 
n o l d s  Number r e p r e s e n t  t h e  l a m i n a r  c o n d i t i o n  of smooth 
f low.  I t  i s  e v i d e n t  t h a t  t h e r e  i s  h e r e  v e r y  l i t t l e  d i f f e r -  
ence  between t h o  smooth and rough  t u b e s .  The c u r v e s  d i -  
v e r g e  g r e a t l y ,  h o w w e r ,  a s  s o o n  as  t h e  t n r b x l e n c e  b e g i n s ,  
i . e .  above  R e c r i t ,  The C U Y V C S  f o r  t 'ne l e s s e r  r o u g h n e s s  
f i r s t  f o l l o w  t h e  c u r v e  f o r  tine smooth t u b e  and  t n s n  sepa-  
r a t e  f rom t h e  l a t t e r  i n  o r d e r .  

The f o r e g o i n g  c o n s i d e r a t i o n s  i n d i c a t e  a way t o  f i n d  
a l a w  f o r  t h e  t u r b n l e n t  p o r t i o n .  V e  w i l l  t a k e  t h e  w a l l  
c h a r a c t e r i s t i c  v,Irr/v o r  i t s  l o g a r i t h m  as t h e  a b s c i s s a  and 
a q u a n t i t y  which i s  c o n s t a n t  a c c o r d i n g  t o  t h e  lams o f  t h e  
f u l l y  d e v e l o p e d  r o u g h n e s s  f l o w  as  t h e  o r d i n a t e .  For  exam- 
p l e ,  w e  c a n  t a k e  t h e  q u a n t i t y  

1 / J-7" - 2.0 log k 

or, i f  n e  r a n t  t h e  c o r r e s p o n d i n g  l a w  f o r  t h e  v e l o c i t y  d i s -  
t r i b u t i o n ,  t h e  q u a n t i t y  

U Y 
v* 
- - 5.75 log c. 

The p l o t t i n g  of! t h e s e  t w o  q u a n t i t i e s  on t h e  b e s i s  o f  t h e  
e x p e r i m e n t a l  r e s u l t s  b r i n g s  i n  f a c t  t h e  t e s t  p o i n t s  meas- 
u r e d  w i t h  very d i f f e r e n t  r o a g h n e s s e s  a p p r o x i m a t e l y  on a 
s i n g l e  c u r v e .  The t w o  c n r v e s  a g r e e  w i t h  e a c h  o t h e r  up t o  
t h e  s c a l e  c o r r e s p o n d i n g  t o  t h c  r e l a t i o n s  h e r e  r e p r c n s e n t e d .  
Tht  whole problem t h u s  f i n d s  a v e r y  comprehens ive  s o l u t i o n  
on t h e  b a s i s  of combining  a few expe r imen t . a l  v a l n e s  w i t h  
t h e o r e t i c a l  c o n c l u s i o n s .  'Illhat r ema ins  t o  be  done  i s  t o  
f i n d  t h e  c u r v e s  f o r  o t h e r  f o r m s  of rou<:hness i n  a d d i t i o n  t o  
t h e  c u r v e  o f  f i g u r e  10, which we have  t h u s  f a r  d e t e r m i n e d  
o n l y  for t h f ;  s p e c i . a l  s andpape r  f o r u i  o f  r o u g h n e s s .  P r e p a r a -  
t i o n s  a r e  now b e i n g  nade f o r  s u c h  e x p u r i m e n t s .  
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APPLICATION TO OTHER CASES I a .  

F l a t e  R e s i s t a n c e  - A c c e l e r a t e d  and R e t a r d e d  Flows . 

F r o m  t h e  b e h a v i o r  o f  t h e  f l o w  i n  t u S e s ,  when t h e  
V l a s i u s  lam o f  r e s i s t a n c e  

t 

- domi.nated , t h e  f i e l d ,  c o n c l u s i o n s  had  a l r e a d y  been  drawn 
r e g a r d i n g  t ,he f r i c t i o n 6 1  r e s i s t a n c e  o f  p l a t e s  s u b j e c t e d  

,, t o  f l o w  algnfi;  t h e i r  s u r f a c e  ( r e f e r e n c e s  1 5  and IS). 
c o r d i n g  t o ,  t h e  mornentum t h e o r y ,  t h e  d . ec reas s  i n  the 'mo- 
mentum o f  t h e  f l o w  due t o  t h e  f r i c t i o n  was r e p r o s a n t e d  

' b y  a f o r m u l a  i n  t e r m s  o f  t h e  exposed  l e n g t h  o f  t h e  p l a t e  
. . in  a c c o r d  w i t h  t h e  laprs f o r  t h e  v e l o c i t y  d i s t r i b u t i o n .  

Ac- 

T h i s  d e c r e a s e  in mont:ntum F e r  u n i t  l e c g t h  alont: t h e  Flate 
w a s  expressed a s  e q n n l  t o  t h e  f r i c t i o n e l  f o r c e  p e r  u n i t  
l e n g t h .  The r e s u l t i n g  fo rmula  f a r  t h e  c o e f f i c i e n t  of  
f r i c t i o n a l  r e s i s t a n c e ,  c f  (resistance d i ~ i d e d  by t h e  s-ir- 
f ac t :  a r e a  and  dynamic p r e s s u r e ) ,  

( I =  l e n g t h  o f  T l a t e ,  v = v e l o c i t y  o f  p l a t e ) ,  showed s i m i -  
l a r  d i s c r e p a c c i e s ,  i n  compar ison  w i t h  t h e  e x p e r i m e n t a l  r e -  
s ~ l t s ,  t o  t h o s e  shown i n  t h e  r e s i s t a n c e  o f  t u b e s .  The ob-  

' v i o v s  t h i n g  t o  do now was t o  a p p l y ,  t h e  improvedlaw o f  , t u b n -  
l a r  f low a l s o  t o  p l a t e s .  The c a l c u l a t i o n s  a r e  h e r s  r a t h c r  
t r o u b l e s o m e .  They were  f i r s t  made by Von Karman ( r e f e r e n c e s  
13 a n d  2 1 ) .  A new c a l c n l a t i o n  i n  a somewtiat d i f f e r e n t  ~ a y  
R ~ S  nade  b y  t h e  w r i t e r  ( r e f e r c n c e  .18), T h o  conlpi lcd a nil- 
m c r i c a l  t a b l e  t h e  v a l u e s  o f  which a g r e e  v e r y  s a t i s f a c t o r i l y  
w i t h  K e q f f s  measurements .  The v a l x e s  i n '  t h e  t a b l e  wero 
o b t a i n e d  by t h e  f o l l o w t n g  a p p r o x i m a t i o n  formula  o f  H. 
S c h l i c n t i n g ,  which though. i t  i s  only an  i n t e r p o l a t i o n  f o r -  
m l a ,  con i ) ~  -,-.sed thro? ighout  t h e  whole p r a c t i c a l  r e g i o n  o f  
t u r b u l e n t  f l o v .  

i 

F o r  t h e -  roi ish p l a t e ,  a c o r r e s p o n d i n g .  c a i c ~ i l a t i o n  was made 
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o n  t h e  b a s i s  of t h e  l a w  o f  rou,;l,ness r e p r e s e n t e d  i n  f i g u r e  
10 ( r e T e r e n c e  1 9 ) .  

T h e  b e h a v i o r  o f  t h e  tvrbi i . lent  f r i c t i o n  l a y e r  i n  a n  ac- 
c e l e r a t e d  a'r r e t a r d e d  f l o w  i s  o f :  g r e a t e r  i x p o r t a a c e .  4n 
imFortan't s p e c i a l  c a s e ,  t h o  f l o w  i n  a widened o r  narrowed 
c h a n n e l  with f l a t  s i d e  w a l l s ,  v a s .  i n v e s t i g : $ t e d  by D8nch € o r  
a i r  ( r e f e r e n c e  22) and  by NSkurads'e for w a t e r  ( r e f e r e n c e  
2 3 ) .  Purl's work a t  Z u r i c h  sho-1l.d be  me t ioned  h e r e ,  ~ t s  a l -  
s o  Cuno t s expe r imen t  B on an a i r p l c m  Rzng n t Hannover ( r e f -  
e r e n c e  27). 

B u r i  r c d  Gruschvritz have  nom made, i n  somekhat d i f f e r -  
e n t  manner , '  t h e  v e r y  i m p o r t a n t  a t t e m p t  t o  d e v e l o p  p u r e l y  
m a t h e m a t i c a l  methods for c r j l c u l q t i n g  t h e  c o c r s e  o f  t h e  Fhe- 
nomclia i n  t h e  f r i c t i o n a l  l a y e r .  B u r i t s  method i s  s i m p l e r ,  
vrhilc t h a t  of G r u s c i w i t z  is more complet 'e.  Ldck o f  s p ~ c e  
f o r b i d s  f u r t l - e r  c o n s i d e r n t i o n  here o f  t h e s e  r a t h e r  compli-  
cated'. c a l c u l a t i o n s .  V i t h  t h e s e  nletli'od's i t  i s  p o s s i b l e  t o  
p r e d i c t  t i le  * .  co- i r se  o f  t h e  f r i c t i o n a l  . leyer  f o r  any g i v e n  
p r e s s u r e  d i s t r i b i i t i o n  a n d ,  u n d e r  S O E ~  c i r c u ~ n ~ t a n c e s ,  even  
t o  make t h e  i m p o r t a n t  d e t e r m i n a t i o n  a s  t o  whe the r  t h i s  f low 
m i l l  a d h e r e  t o  t h e  w a l l ,  as assumed,  o r  sill s e p a r a t e  a t  
S O E E  p o i n t .  ' A  f u r t h e r  a t t e m p t  i s  now b e i n g  made t o  p r e d i c t  
i n  t h i s  wa;.' t h e  a c t u a l  c h a r a c t e r i s t i c s  o f  a n  a i r F l a n o  wing 

r e s u i t s  s h o v  a s a t i s f a c t o r y  agreement  m i t h  e x p u r i m e n t a l  r e -  
s u l t s ,  t k i s  rnethod would c o n s t t t u t e  a v e r y  c o n s i d e r a b l e  ad- 
vanc e .  

' i n c l l J d i n g  t h e  p r o f i l e  d rag  and rnaxirnwn l i f t .  Should  t h e  

FURTHER PROBLEKS 

The i n v e s t i g a t i o n  o f  c u r r e n t s  ' i n  s t r o n g l y  cu rved  
c h a n n e l s  ( r e f e r e n c e s  30 and  31) shows t h a t ,  a s i d e  f rom t n e  

"secondary  c? iYrents"  02 t h e  s i d e  w a l l s  a s  a l r e a d y  d e s c r i b e d  
by e a r l i e r  w r i t e r s  , even  t h e  r e a l  n a t u r e  o f  t h e  t u r b u l e n c e  
is h e r e  s u b s t a n t i a l l y  a l t e r e d .  The t w o  k i n d s  o f  phenomena 
a r e  r e l a t e d  i n  t h a t  t h e  f a s t e r  p o r t i o n s  of t h e  f l u i d  a l o n g  
t h e  c n r v e d  mall  d e v e l o p  s t r o n g e r  c e n t r i f u g a l  f o r c e s  t h a n  
t h e  s l o w e r  p o r t i o n s .  The f a s t e r  p o r t i o n s  t h e r e f o r e  t e n d  t o  
d i s p l a c e  t h c  s l o a e r  p o r t i o n s  on t h e  o u t e r  w a l l .  However, 

' s i n c e  t h e  p o r t i o n s  i n  immediate  c o n t a c t  n i t h  t h e  w a l l  a r e  
c o n t i n u a l l y  r e t a r d e d  by f r i c t i o n ,  ,g, m a t e r i a l l y  a c c e l e r a t e d  
exchange i s  Froduced  on t h e  o x t e r  s l d e  of  t h e  c h a n n e l  by 
t h e  d i s p l a c e m e n t  o f  t h e s e  r e t a r d e d  B o r t i o n s .  On t h e  con- 

k '  
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t r a r i  Ithe s1ower.po'rt .I .ons t e n d  t o w a r d  t h e  inne r '  s i d e  and  
t h e  exchange i s  c o n s i d e r a b l y  r e t a r d e d .  

?he phenomena a r e  v e r y  s imilar  t o  t h o s e  i n  t h e  f lom 
o f * a  f l l l i d  o v e r  a h e a t e d  o r  c o o l e d  b o t t o m  s u r f a c e .  I n  
t h e  fb rmer  c a s e  t h e  h e a t e d  and s i m u l t a n e o u s l y  r e t a r d e d  
por%,ions t e n d  t o  r i s e  f r o m ' t h e .  b o t t o m ,  whille i n  t h e  l a t t e r  
c a s e  'the c o o l e d  ' p o r t i o n s ;  b e c a  s e  o f  t h e i r  g r e a t e r  d e n s i t y ,  

- t e n d  t o ' r e m a i n  n e a r  t h e  b o t t o  ( r e f e r e n c e s  11 9nd 321, s o  
t-hat t h e  t u r b u l e n t  f r i c t i o n  i s  i n c r e a s e d  i n  the., f o r m e r  
c a s e  a n d  d e c r e a s e d  i n  t h e  l a t t e r  c a s e .  S i n c e  % o t h  groQps 
o f  phenoniena h a v e  been  o r  a r e  b e i n g  i n v e s t i g a t e d  i n - _ G t t -  
t i n g e n ,  n u m e r i c a l  e x p r e s s i o n s  f o r  t h e s e  i n f l n e n c e s  may be  
e x p e c t e d .  . a  

Another important k i n d ' o f  phenomena is i n v o l v e d  i n  
t h e  t u r b u l e n t  s p r e a d i n g ' o f  f l u i d  j e t s  a n d  t h e  wakes o f  nov- 
i n g  b o d i e s .  The o u t e r  p o r t i o n s  o f  a j e t  emerg ing ,  e . g .  
f r o m  a l a r g e r  o r i f i c e  ( n o z z l e , ' e t c . )  a r e  v e r y  u n s t a b l e  and  
d e v e l o p  i a t o  a more o r  l e s s  i r r e g u l a r  v b r t c x  sjrstem. Even 
f o r  t h i s  k i n d  o f  phenomena t h e  c o n c e p t i o n  o f  t h e  mixing  
p a t h  hel 'd  good,  and  i t  w a s  p o s s i b l e ,  w i t h  t h e  a i d  o f  t h e  
s i m ~ l e  ' assnmpt ion  t h a t  t h e  mixing  p a t h  i n  a c r o s s  s e c t i o n  
i s  con ' s t an t  and  p r o p o p t i w n a l  t o  t L e  w i d t h  o f  t h e  mix ing  
zone a t  t h a t  p o i n t , '  t o ' p r e d i c t  t h e  form of t h e  mixing  zone 
and t h e  v e l o c i t y  d i s t r i b h t i o n  i n  i t  i n  a v e r y  s a t i s f a c t o r y  
manner ,  whereby o n l y  t h e  r a t i o  of t h e  mixing  p a t h  t o  t h e  
mixing  zone had t o  b e  t a k e n  f rom t h e  e x p e r i m e n t s  ( r e f e r -  
ences  9 ,  1 0 ,  28 ,  2 9 ,  3 6 ) .  

The h e a t  exchange  i s  q u i t e  c l o s e l y  r e l a t e d  t o  t h e  
t u r b u l e n t  v e l o c i t y  exchange.  I n s o f a r  as i t  c o n c e r n s  t h e  
flow a l o n g  a w a l l ,  as s h o r n  by t h e  e x p e r i m e n t s  o f  E l i a s  
( r e f e r e n c e  33), t h e  exchange f a c t o r  h a s  e x a c t l y  t h e  same 
v a l u e ,  s o  t h a t  t h e  c u r v e  o f  t h e  t e m F e r a t u r e  d f s t r i b u t i o n  
a g r e e s  w i t h  t h e  v e l o c i t y  d i s t r i b u t i o n .  For the 'ph.knomcna 
i n  t h e  wake o f  moving b o d i e s ,  T a y l o r  (reference 34) h a s  
r e c e n t l y  s h o r n  t h a t  h e r e  t h e  h e a t  exchange ' i s ' twr ice  as 
g r e a t  a s  t h e  v e l o c - i t y .  exchange ,  s o  t h a t  t h e  ' t -emperaturs  
and v e l ' o c i t y  c u r v e s  d i f f e r  apprec i a ' c Iy8 . .  T a y l o r '  c o u l d  als.1 
_------L--------.--*----------.---------------------------- . - .  
'Tnylon  d e m o n e t r a t e s  t h a t  i.3 t h i s  cas,e t h e  ro t a . t i bna1  f o r c e  
of t h e  main . p o t i o n  is exchanged i n  t h e  same, manner as t h e  
h e a t .  The exchange  f a c t o r  i s  ~3~ ;du /dy) ; ,  t h e  r o t a t i o n a l  
f o r c e  i n  p a r a l l e l  m o t i o n ,  h Q v e v e r ,  i s  d u / d y ;  and t h e  f a l l  
of t h e  r o t a t i o n a l  s t r e n g t h  i n  t h e  d i r e c t i o n  y i s  t h e r e -  
f o r e  d 2 u / d y 2 .  T a y i o r  si1ovrs t h a t  t h e n  
(Concluded a t  bo t tom o f  Fage 23) 
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shoa  t h a t  t h e o r e t j c a l l y  t h e  fort1:er c o n d i t l o n  ( l i k e  form o f  
t h e s e  c n r v e s )  i s  t o  k o  e x p e c t e d  mhen t h e  v o r t e x  axes of  
t h e  i n t e r f e r e n c e  mot ion  a r e  p a r a l l e l  t o  t i l e  s t r e a m l i n e s  o f  
t h e  main mot ion ,  b u t  t h e  l a t t e r  ( u n l i k e )  when t h e y  a r e  p e r -  
p e a d i c u l a r  t o  them. The u n p u b l i s h e d  G!ttj.ngen e x p e r i m e n t s  
of P. Ruder, snow t h a t  t h e  T a y l o r  law o f  exckange i s  a l s o  
v a l i d  f o r  t h e  spref id ing  o f  j e t s .  

I t  f o l l o a s  t h e r r . f o r e  t h a t ,  on c l o s e r  i n s p e c t i o n ,  t h e r e  
arc? t - 0  k i n d s  o f  t u r b u l e n c e  t o  b e  d f s t i n g u i s n o d ,  which d i f -  
f e r  i n  t h e i r  n a t u r e .  V e  may c a l l  one  " w a l l  t l r rbu lcnce"  and 
t h e  o t h e r  ! ' j e t  t u r b i i l e n c e . l l  I n  t h e  fo rmer  ( a c c o r d i n g  t o  
E l i a s )  t h e  v o r t i c e s  p a r a l l e l  t o  t h e  s t r e a o l i n e s  o b v i o u s l y  
p r e d o m i n a t e .  T h i s  r a t h e r  i m p o r t a n t  d i s c o r e r y  w i l l  p e r h a p s  
once  m o r e  i n d i c a t e  t h e  way t o  a r e a l  t h e o r y  o f  t h e  phenomena. 
S o  l o n g  a s  t h i s  is n o t  d i s c o v e r e d ,  we must b e  e t a i s f i e d  T i t h  
ha l f -empi  r i c a l  c o n s i d e r a t i o n s  o f  t h e  k ind  h e r e  d e s c r i b e d .  

T r a n s l a t i o n  by D ~ i g h t  M. Miner ,  
N a t i o n a l  Adv i so ry  Committee 
f o r  A e r o n z u t i c s .  

.. l2du d'u 2-2 = i -- --- which c a n  be  i n t e g r a t e d  t o  .. c,! y dy dy-' 

1 c o n s t a n t  i n  a c r o s s  s e c t i o n .  The 

f a c t o r  1 i n  t h i s  f o r m u l a  d i E f e r e r i t i . a t e s  i t  f rom our equa- 
tion 2 .  2 



I 24 N . A . C  .A. T e c h n i c a l  Memorandum No.  720 

~ RETEREXCES 

I ,  Summary o f  O lde r  P u b l i c a t i o n s  

1. B o e t h e r ,  I?.: Turbu1e:izproblem. Z e f a a , M . M . . - ,  v o l .  1, 
. .  1 

1 9 2 1 ,  p *  125; SUI). ,  p o  218. . .  

11 . P r o d u c t i o n  o f  T u r b u l e n c e  

2 .  P r a n d t l ,  L. :  Bemerk. Cber  E n t s t e h u n g  d e r  T u r b u l o n z ,  
, .  

Z.f.a.U,U., v o l .  1, 1921 ,  p .  431; .  F h y s i k .  Z . ,  v o l .  
23, 1922 ,  p .  1 9 .  

I 3. T i e t j e n s ,  0.; S e i t r .  &be= E n t s t e h u n g  d e r  Turbi i lonz.  
D i c s .  G o t t i n g e n ,  1922.  A b s t r a c t  Z.f.a.M.X., v o l .  5, 
1 9 2 5 ,  p. 200. 

4.  T o l l m i e n ,  1.:  The P r o d u c t i o n  o f  T u r b u l e n c e .  T.M. No.  
609,  N . A . C . A . ,  1931.  

5. P r a n d t l ,  L . :  Enbs tobung d e r  T u r b u l e n z ,  2.f.a.M.M.. 
v o l e  11, 1931 ,  p .  407. 

6.  S c h l i c h t i n g ,  H.: E n t s t e h u n g  d e r  Turbu lenz  $n einem r o -  
t i e r e n d e n  Z y l i a d e r .  Nachr .  Ges.  Wiss. G d t t i n g e n ,  
1 9 3 2 ,  p .  150 .  

7 .  S c h l i c h t i n g ,  H.: S t a b i l i t a t  d e r  Couet te-Strdmung.  
Ann. d .  P h y s i k ,  v o l .  14,  1932,  p .  905. (See also 
r e f e r e n c e s  35 and 3 G . )  

111. Developed Turbu lence  

8 ,  P r a n d t l ,  L . :  Un te r suchungen  zu.r a u s g e b i l d e t e n  Turbu- 
l e n z .  Z . f . a . M . M , ,  v o l .  5 ,  1525 ,  p .  1 3 6 .  

9 ,  P r a n d t l ,  L.:  Neuere Turbr i l enz fo r schung .  Hydrau l .  
P rob leme ,  B e r l i n ,  1921;. 

1 0 .  P r a n d t l ,  L . :  T u r b u l e n t  Y l o w .  T .M.  ITo. 435, N . A . C . A . ,  
1527. 

11. P r a - n d t l ,  I,.: On t h e  R o l e  o f  Tnrij:ilerce i n  T e c h n i c a l  
HydrodyuaElcs .  . ~ r o c .  V o r l d  E n g i n e e r i n g  Congres s ,  
Tokyo, 1 3 2 9 ,  v o l .  5,  (Tokyo), 1 9 3 1 ,  p .  495. 

*- 

s -  



25 .- 
. .A .  Z .A.  T::c’lln-ical Xemorandvm - 7 0 .  720 

. - 0  

c 

12  TTon R a r m n ,  E t .  : 1:eshenica l  S i i i i l i t i i d e  and  Turbu lence ,  
T.14. EO. ;il, - . T . A . C . A . ,  1931. 

13. Yon Ra.rnan, T 2 .  : l ‘ echan i sche  Ahnli c’dlheit Uild Turbu- 
l e n z .  Proceedin6:s o f  t h 9  T h i r 2  I n t e r n a t i o n a l  Coil- 
g r e s s  for A-ppl f  e d  ! l echan ic s ,  StockLolm, 1330; 701. 
1, (S tockLo lm) ,  1 9 3 1 ,  p .  €35. 

IV. Tv.bes a n d  P l a t e s  

1-1. D s r c y ,  E.:  Reche rches  e x p e r i n e n t a l e s  r e l a t i v e s  an 
Iuanve;::ent d e  l’eau S.ans l e s  t i iyaux.  I lcm. S a v a n t s  
efyrz:lgers, vol. 15,  1858 ,  F .  141. 

.- l.f . o x  Rari.m;i, Th. : 1,Rminare u r , C  tu rbu1c: i te  Roibung, 
Z . T . a . : f . ! ~ . y  vol. 1, 1921, p .  233. 

l?. P r a u d t l ,  L: ~ e i r i i n e s w i d e r s f a n d  s t r b u o i i d e r  Liift.  Er- 
g o b n .  Aerod2:i. Vers . -Ans t .  G b t t i n , o n ,  Repor t  30. 3 
l!fiiicLcn-Acrli;r, 1 3 2 7 ,  p .  1. 

18. P r a n d t l ,  L . :  Z a r  t u r 5 c l c n t c n  S t r b m n g  i n  Rohron und 
l%iv;s F l a t t e n .  ErGcbn. Ac:rod:;r:~.. Vers . -Bi is t .  G h t t i i i g -  
e n ,  Eopor t  No. 4, :Ifi.nchen-Berlin, 1832,  p .  18 .  

19. P r n n d t i  L .  : D i s k u s s i o n  Z iJ -3  t tRe ibnngswidor s t and . t ’  IIp- 
dromechsn. Frobleino dos S c h i f Y s z n t r i c b s .  . P u b l i s h e d  
75y G .  1Cc:qjf and E .  F o o r s ~ c r ,  H m b u r g ,  1932 ,  p .  87.  

20. X i k u r a d s e ,  Z . :  G e s e t z m & s s i g k e i t e n  d e r  t u r b u l e n t e n  
Str8rtiiiu2 i n .  g l a . t t e n  Rohren.  VDI-Porschmigsheft  356, 
E e r i i . n ,  1922. 

21.  Ton Karittan, 5::. : T1ieori.e d e s  B e i b u n s s w i d e r s t a n d e s .  
H g d r o x e c h a n .  Pro’olerne d e s  S c h i f f  s a n t r i e b s .  Pu’olish’ed 
by G. K e q f  sild E .  F o e r s t z r ,  5ctri!bur;, 1932,  p .  50. 
( S e e  a l s o  r e f e r e n c e s  1 2 ,  1:7, 37, azd 38.) 

V .  O the r  F rob iems  

2 2 .  2bnch ,  F.: J i v e r g e n t e  xnd konverL;e3te  t u r b u l e n t e  str8- 
Diss .  G 8 t t i n g e n  llun,-en n ? i t  k l e i z e n  b f f n u n d s w i n k e l n .  

192:; VDT-Forsciinn%shcft 292, 3 e r l i n ,  1 9 2 6 .  



26 N . A . C  ,A, T e c h n i c a l  Memorandum 170. 720 

23. N i k u r a d s e ,  J . :  Strbmung d e s  F a s u e r s  i n  k o n v e r g e n t e n  
nnd d i v e r g e n t e n  Kanglsc .  VDI-Forschungsheft  2 8 9 ,  
B e r l i n ,  1 3 2 9 .  

24.  Grlisclimitz,  E .  : Die  t v r o u l e n t e  R c i S u n g s s c h i c i t  bei 
D r u c k a S f a l l  nnd D ~ U C ' p a : i S t i e ~ ,  D i s s .  G 8 t t i n g e n  19Zl; 
Ini; .-drch.,  Val. 2 ,  1531, p .  321. 

25. B u r i ,  A . :  Berechnunr;sgr~.r.::dlaP;e ffir  d i e  t u r 'Du leo te  
G r e n z s c h i c h t  b e i  b e s c : - l e u n i g ? , e r  und. v e r z 8 g s i - t e r  
Grundstr8mung. Diss .  Z a r i c h ,  1931.  

2G. i l i l l i k a n ,  C .  3.: The Foundary Layer  a n d  S k i n  F r i c t i o n  
f o r  a F i g u r e  o f .  REvoJ.iition. Tra:is. A . S . I i . E . ,  Ap- 
p l i e d  N e c h a n i c s ,  vol. 54 ,  n o .  2 ,  1 9 3 2 ,  p .  29. 

27 .  Cuno, 0 .  : E x p e r i m e n t a l  23t e rmina t  i o n  o f  t h e  Tl i jckness  
o f  t h e  Eouiidary Lager  A l o n g  a T i n 6  S e c t i o n .  T. : i .  
;;o. 6 7 9 ,  W.B.C.A. ,  1332.  

28 .  T o l l m i e n ,  W. : 3erec:inuiiZ t u r b u l e n t  e r  A u s b r e i t u n g s v o r -  
ghnge ,  Z.f.a.,"i.H., v o l . .  6 ,  1926, p .  468.  

2 9 .  S c h l i c h t i n g ,  H . :  Das eSene Wiadscha t t enprob lem.  i l iss.  
G b t t i n g e n ,  1930 .  InS.-ArcS. v o l .  1, 1 9 3 0 ,  p .  5 3 3 .  

30. B e t z ,  A . :  Tur3ulez1te R e i b u n g s s c h i c h t e n  an g e k r b s n t e n  
7&ndeii ,  V o r t r g g e  Aerodynamik '11.. verwand te  Ge 'c ie te ,  
(Aach5n 1929) . .  P u b l i s h e d  8y A .  G i l l e s ,  L .  H o p f ,  and 
7%. V. Rarmar:, B e r l i n ,  1930,  p .  10.  

31.  T i l c k e n ,  € I . :  Turb t i l eu te  G r e n e s c h i c h t e n  an  ge:vblbten 
F l h c h e n ,  Diss .  G 6 t t i n g e n  1 9 2 9 ,  1ng . -Arch . ,  v o l .  1, 
1930,  p. 35'7. 

3 2 .  P r a n d t l ,  L.: E f f e c t  o f  S t a b i l i z i n g  F o r c e s  on Turbu- 
l e n c e .  T.M. N o .  625,  N . A . C . A . ,  1931 .  

33. E l i a s ,  F.:  The  T r a n s f e r e n c e  o f  Heat f r o =  a Hot  P l a t e  
t o  ail A i r  S t rezm.  T . I .  N o .  6 1 4 ,  N . A . C . A . ,  1931.  

34. T a y l o r ,  G .  I . :  The Tr<-.;isnort o f  V o r t i c i t y  and  hes: 
t'ilrough F l u i d s  i n  Turbulei i?  Uot  i o n ,  with a p n e n d i x  
hy A .  Fage and T.  I; .  F ~ . ~ ! c : ~ H P .  ? r o c .  Roy. S O C .  London 
( A ) ,  V O ~ .  l.r;!5, 1972 ,  p;!. <i9!5, '79%. 



, -  

N . A . C , A ,  T e c h n i c a l  Idemorandurn No. 720  27 

V I  Rece9t Comprehensive P u 3 l i c z t i o n s  

35. Hopf. L.: Zghe F l u s s i g k e i t e n .  Xandb. Phys ik ,  1701. '7, 
p .  9 1 ,  p u b l i s h e d  by Y. G e i g e r  and H. S c h e e l ,  F e r l i n ,  
1 9 3 2 .  

35.  T o l l m i e n ,  V . :  T u r b u l e n t e  Stromungen.  H a i d b .  Experi- 
mentalphysik, vol. 4, P t .  1, p u ' b l i s h e d  by W. PVi,en 
and 3' .  Iiariils, w i t h  collaboration of  R .  L e n e ,  L e i p z i g ,  
1952. 

37. S c h i l l e r  L . :  Strsrnung i3  Rohren.  V o l .  4, P t .  4, 9and3. 
p x b l i s h e d  by IT. Tien ar.d F. E a r n s ,  L e i p z i g ,  1 9 3 2 .  

38. E l i sne r ,  F.: Re ibungswidc r s t a i id .  Hydroneckan.  Probleme 
d e s  S c h i f f s a E t r i e b s ,  p u b l i s l l e d  bj, G .  X e ~ p f  arid E. 
?' o e r s t e r , Xambur g , 1 9 32 . 



N.A.C.A. Technical Menorandm No. 720 

Figure 2.-Developant of  tur- 
bulence from an in- 

itial disturbance. 

rigtire 4.- 
Die tr i b  
tion of 
=-ins 
Path ill 
tub0 at 
large 
Begnolde 
h b e r e .  

> 
Figure B.-Couree s-4 in tubs at large 
Reynolds Nmbers. 

Figure 7.- 
Vel0 c i t  y 
di etr ibu- 
t ion in a 
m o o  th 
tube. 

Y 40 



. 

. *  
c 

1T.A.C . A .  TechrAcn.1 1fsmorn:idwr: Bo. 720 

h 

Velocity, u 
--I d i g a r c ?  1.-Velocity p r o f i l e  with turning 

point.  

Figs. 1,3,6 

1.d 1. 1.6 2.2 2.6 
r log - 
3= 

Bi;are G.-Bcsistonce curve f o r  a rough tuba. 



7 

N.A.C,A. Technical Menorandm No. 720 Figs. 8,9910 

test values. 

Figure 9.-Resistance coefficients of rough tubes. 


